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Project 1

1000 contains 00.
0110 avoids 00.

How many length-n binary words avoid 00?

length 0: empty word 1
length 1: 0, 1 2
length 2: 01, 10, 11 3
length 3: 010, 011, 101, 110, 111 5
length 4: 0101, 0110, 0111, 1010, 1011, 1101, 1110, 1111 8

...
...

length n: F (n + 2)

Fibonacci recurrence: F (n) = F (n − 1) + F (n − 2)
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Question

How many m × n binary arrays avoid 0 0
0 0 ?

0 0 0
0 1 0
0 0 0

avoids 0 0
0 0 .

Fix m = 2 and vary n. . .

n = 0: empty array 1

n = 1: 0
0 ,

0
1 ,

1
0 ,

1
1 4

n = 2: 0 0
0 1 ,

0 0
1 0 ,

0 0
1 1 , . . . ,

1 1
1 1 15

n = 3: 0 0 0
0 1 0 ,

0 0 0
0 1 1 ,

0 0 0
1 0 1 ,

0 0 0
1 1 0 ,

0 0 0
1 1 1 ,

0 0 1
0 1 0 , . . . ,

1 1 1
1 1 1 57

n = 4: 0 0 0 0
0 1 0 1 ,

0 0 0 0
0 1 1 0 ,

0 0 0 0
0 1 1 1 ,

0 0 0 0
1 0 1 0 ,

0 0 0 0
1 0 1 1 ,

0 0 0 0
1 1 0 1 , . . . ,

1 1 1 1
1 1 1 1 216

Recurrence: a(n) = 3a(n − 1) + 3a(n − 2)
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Conjecture

The size r(m) of the recurrence for m × n arrays avoiding 0 0
0 0 satisfies

r(m) = r(m − 1) + r(m − 2)

for all m ≥ 5.
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Project 2

2, 3, 5, 7, 11, . . .

How big is the nth prime?

1 2 3 4 5 6 7 8 9 10

5

10

15

20

25

30

Prime number theorem (Hadamard and de la Vallée Poussin, 1896)

The nth prime is asymptotically n log n.
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Project 2
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Chebyshev, 1850:
(n)!(30n)!

(6n)!(10n)!(15n)!

is an integer for each n ≥ 0.

n = 0: 1
n = 1: 77636318760
n = 2: 53837289804317953893960
n = 3: 43880754270176401422739454033276880
n = 4: 38113558705192522309151157825210540422513019720

Balanced:
1 + 30 = 6 + 10 + 15; one more factorial in denominator than numerator

Theorem (Rodriguez Villegas, 2007)

Let s(n) be a balanced factorial ratio.

Then s(n) is an integer for each n ≥ 0 if and only if
∑
n≥0

s(n)xn is algebraic.
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Examples of algebraic series:

y =
∑
n≥0

xn = 1 + x + x2 + · · · = 1

1− x
satisfies 1− y + xy = 0.

y =
∑
n≥0

(2n)!

n!2
xn = 1 + 2x + 6x2 + · · · satisfies 1− y2 + 4xy2 = 0.

y =
∑
n≥0

(n)!(30n)!

(6n)!(10n)!(15n)!
xn satisfies a degree-483840 equation!

Question

How does the degree depend on the coefficients in the factorial ratio?
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Simple family of balanced factorial ratios:(
an

bn

)
=

(an)!

(bn)!((a− b)n)!

Balanced:
a = b + (a− b); one more factorial in denominator than numerator

Let b = 1.

y =
∑
n≥0

(
n

n

)
xn 1− y + xy = 0

y =
∑
n≥0

(
2n

n

)
xn 1− y2 + 4xy2 = 0

y =
∑
n≥0

(
3n

n

)
xn 1 + 3y − 4y3 + 27xy3 = 0

y =
∑
n≥0

(
4n

n

)
xn 1 + 8y + 18y2 − 27y4 + 256xy4 = 0
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1 −1 1

1 0 −1 4

1 3 0 −4 27

1 8 18 0 −27 256

1 15 80 160 0 −256 3125

1 24 225 1000 1875 0 −3125 46656

a = 1

a = 2

a = 3

a = 4

a = 5

a = 6

y0 y1 y2 y3 y4 y5 y6 xya
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a(a − 2)

1

2
a(a − 1)2(a − 3)

1

6
a(a − 1)3(a − 2)(a − 4)

1

24
a(a − 1)4(a − 2)(a − 3)(a − 5)

Conjecture

If a ≥ 2, then the series y =
∑
n≥0

(
an

n

)
xn satisfies

a∑
i=0

(a− 1)i−1(a− i − 1)

(
a

i

)
y i + aaxya = 0.
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Degree as we vary a, b:

1
1 1
1 2 1
1 3 3 1
1 4 4 4 1
1 5 10 10 5 1
1 6 9 8 9 6 1
1 7 21 35 35 21 7 1

Conjecture

The algebraic degree of the series
∑
n≥0

(
an

bn

)
xn is at most

(
a

b

)
.
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