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2 X 2 matrix:

Scale rows:

| ——|
~N[= Oollw
~[o G1IN

S 4
~ 1.142857 .857143

Scale columns:

.807692 .318182
.192308 .681818

Iterate. ..
.750001 .250001
.249999 749999
3 1 6 4
[‘1‘ g] is the Sinkhorn limit of [1 6]' Row and column sums are 1.
i 3

Sinkhorn 1964: The limit exists.
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Another 2 x 2 matrix;
4 1
21
Alternately scale rows and columns (double speed) ...

585786 .414214 22 —1++2
414214 585786 —14+v2 2-2

~
~

Fixed point!
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A third 2 x 2 matrix:

4 3]
8 1]
Alternately scale rows and columns. ..
280898 .710102] _ [Lp/E 616
710102 .289898] ~ | 6=v6  —LiV6

Fixed point!

Theorem (Nathanson 2020)

. a b| . .. .
For a 2 x 2 matrix A = [c ] with positive entries,

d
S‘“k“):mb@ 55—_3]
sl (s 1) =stalls T =5 7
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For 3 x 3 matrices, the Sinkhorn limit was not known!

2 4 3 250338 .377025 .372637
Sink{ |1 8 8 ~ [.066831 .402607 .530562
7 31 682830 .220368 .096801

What are these numbers? Assume they're algebraic.
For 2 x 2, the top left entry satisfies (ad — bc)x? — 2adx + ad = 0.

Compute the top left entry to high precision:
x ~ .2503383740593684894545472868514292528338672217353016771994

Use the PSLQ integer relation algorithm to guess a polynomial:
(partial sums, LQ decomposition)

236379x° + 502124x° — 1610856x* + 19808x> 4 661120x> — 94592x — 12288 = 0

Conjecture (Kevin Chen and Abel Varghese 2019, HUSSRP)

For 3 x 3 matrices A, the entries of Sink(A) have degree at most 6.
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ai1 d12 a3

For a symmetric matrix A= |a1p ax a3

Theorem (Ekhad—Zeilberger 2019)
The top left entry x of Sink(A) satisfies c4x* + -+ + c1x + cg = 0, where

d13 d23 4as3

2 2 2 2 2
= —(ayp — a11a22) (ay3 — 211a33) ( — 211222333 + a11a53 + ajpa33 — 2a12213223 + 313322)

c
@ = (—4331;1 a§2 a§3 + 4321 axn a§3 as3 + 4&'%1 5%2 axp a§3 = 33%1 afz a§3 asz — 23%1 ajpajzagrazzass + 45)?1 a§3 a§2 as3
— 347y aj3am 3y — 2a1131pa73 320333 + 221131313333 — apal3333 + 2a3,313223 — Apa13a22)
o = an (63%1 332"%3 — 63%1 322333 a3z — 2ay; ai ax a§3 + 3a11 3%2333333 — 2ajja12a13a22a234333 — 2311 3%3352 as3
+ 3a11 a§3 axn a§3 a4 23?2 a13ap3zazz — 351%2 a§3 axazz — 3;2 3%3 a§3 + 2a1o 333 axn 223)
1 = —ahy (4a1135y 53 — 4211222353333 + Gp35333 — 2312313222323333 + A13322353)
c = 3?1 ap2a33 (a22333 — 353) )
Computed with Grobner bases.
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For symmetric A, the limit Sink(A) requires more information!

If we know

2 b] __Vad __
Sink( > = | Vad+vbc
c d] ?

then its bottom left entry is the top left entry of

Sink( c d > _ [mwa

_a b_

But if we only know

N EE
Smk<_b d_>: ag+b

then we can't determine its bottom left entry from

) b d]
Smk< 2 b > .

?

?_

For general A, it suffices to describe the top left entry of Sink(A).

Eric Rowland The Sinkhorn limit of a matrix

2024-2-21

7/15



What is it? System of equations. ..

Row scaling — multiplication on the left.
Column scaling — multiplication on the right. Sink(A) = RAC

s s12 si3 0 0 air a1 a3 a0 0
Sink(A) = |s21 s s23 0 rn 0 A= |ay axp a3 =10 o 0
0 0 r3 as; a3 as3 0 0 =)

S31 S32 533
9 equations from Sink(A) = RAC:

S11 = naiuna S12 = nané 513 = naizcs
S1 = naxa S22 = Nant 523 = axC3
S31 = r3asia 532 = 13a3 e 533 = r3a33C3

6 equations from row and column sums:

sit+sp+sz=1 s;1+ 51 +s3 =1
o1+ Sn+s3=1 S+ Sn+sp=1
s31+S3p+s33=1 si3t+S3+s;3=1

15 equations in 9 4 3 + 9 4 3 = 24 variables. Want s;; in terms of aj;.
Symmetric A only uses 15 variables because we can require R = C.
Grobner basis computation. ..
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The top left entry x = s1 satisfies bgx® + - - - + bix + by = 0, where. . .

bs = (a11ax — aipaz1) (a11223 — a13321) (211232 — 212231) (211333 — 213331)
- (211222333 — a11a23332 — a12a21333 + 212323331 + 213321332 — 13322331)
5 2 2 5 2 2 4 2
bs = —6a1;a5y3y3335333 + 6ay; 33323335333 + 8311319351 32323332333
554 2 2 554 2 2 gt 2
— 53113153y, 33337333 + 531131535 33331333 — 83113123x7353331 335333
544 2 2 g4t 2 g4t 2
+ 5a11 313371 32337333 — 8ay13133)1 35323337333 + 8a171313352353331 337333
54t 2 2 53 2 2 2 _ g3 2 2
911913922923931 932 911912921 923932933 911912921 922923931 933
3 2 2 3 2 2 2 3 2 2
+ 64113123y 323331 332333 + 2311 313223331333 — 0311312313321 222332333
63 2 2 423 2 2 443 2 2
+ 6ay7 319313351 353837333 — 4311312313321 322331333 + 4371312313321 35333133
3 2 2 3 2 2 3 2 2 2
— 0417319313322 323331 333 + 031131931332 323331 37 T 2311313371 32233233
623, 22 2 623, a2 2 223 2.2 2
— 6ay1 3133y 339331237333 + 0311313371 3235333133 — 237731335 3p3331 33,
2 3 2 2 2 3 2 2 2 2 3 2
+ a11912321 323331333 — 311312321 33331333 T 311312313321 332933
14222 2 2 42 2 2
411912313921 922931 933 911912913921 923931932933
422, 22 2 422 2 2 2 2 2 2 3
+ 4311312313321 32333331333 — 431131231331 323331333 — 311312313322323331
2 2 3 2 422 2 2 422 2 2 2
— A11312313321 332333 + 4311312313321 32331 333333 — 4371315313351 3333133
452 2 2 2 422 2 2 2 2 2 3
+ 441131531331 32331333 — 4311312313321 32323331 33p F 31131231332232333;
2 3 2 2 2 3 2 2 22 22 a2 2 2
— 8113133130331 33 + 311313391 330331337 — 2317315313371 32331333
2 2 2 2 3 2 3 2 3 2 2 3
+ 2311319313321 29333133 — 312213321331 233 T 2123132123331
2 3 3 2 2 3 2 3
+ 1531331331337 — 3153133713233
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The top left entry x = s1 satisfies bgx® + - - - + bix + by = 0, where. . .

_ 4 2 2 4 2 2 3 2
by = ayy (15211 a5y ap3335333 — 15a1) axyay3a3pa33 — 1237315351 ax 3x3335333
3 2 2 3 2 2 3 2
+10a77 319371 353332333 — 10a77 3132353331 333 + 1237121932 333231 332333
1043 2 2 L 0.3 2 1223 2
— 1023y 313351 335335333 + 12377 2133y 30 3p3337333 — 12471 313355373331 335333
3 2 2 2 2 2 2 2 2 2
+10a77 3133935333133y + 311312321 32333333 + 03171219251 32323331 333
622, 22 2 2 2 2 2 642 2 2
— 6313153y 33331 337333 — 317131233331 333 + 0311312313321 32337333
622 2 2 622 2 2 6a2 2 2
— 6ay1315313351 3p333333 + 0311315313371 35331333 — 0377315313351 35333133
622 2 2 622 2 2 2 2 2 2
+0a11310313357323331 333 — 631713123133x35333133; — 31131331 3x2333333
4 6a2 22 2 _ 622, 22 2 222 2
911913921922931 932933 911913921 922823931 932 T 911913922923931 93
2522 2 2 L oo 2 2 2 2 2 2 2
— 2311315313351 32331333 + 231131531331 33331337 + 2311315313321 3333193
5 2 2 2 322 2. 22 2 322 2. 22 2
— 2113158133y 33331 333 — 331531331 3x 33 333 + 3312313351 35333 33,)
_ 5.2 3 2 2 3 2 2 2 2
by = 2a; (—10ay; a3, 253335833 + 1027 323335333 + 4211 212391 222223232333
542 2 2 542 2 2 42 2
— Dayy 3153y 33333p333 + DAy 3155353331233 — 4371315333331 337333
542 2 2 402 2 452 2
+ 5311313321357 332333 — 4311213321 32»2»3332333 + 4311213322 323331 332333
542 2 2 2 2 2 2
— 5aj13133y,3)333133; — 31131231392 3p3331 333 + 31131231 33331332333
2 2 2 2 2 2 2
— 31131231391 322333333 F 311312313351 323333333 — 2311312313351 352331333
5 2 2 2 2 2 2
+ 2311312313321 32333132 — 311212313922323331 333 + 311312313322 35331 337
2 2 2 2 2 2
— 1131331357331 335333 + 311313371 32933331 33) + 3131332133331 335333

2 2 2 2 2 2
— 31531331 3y 353331333 — 1313351 3331 332333 + 312313321 3p 33331 237)
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The top left entry x = s11 satisfies bex% + -+ + bix + by = 0, where. . .

3 2 2 2 2 2 2 2
by = ay; (15411355 353235333 — 15311 355353335333 — 2311219231 3233332333
2 2 2 2 2
+5a113193)1 333332333 — 531131322 323231 333 + 2311319392 323331 23333
_s 2 2 40 2 _ 2
911913921922932933 911913921 92292393233 911913922323931 932933
5 2 2 2 2 2 2
+ 5211313302 353331 33 + 312213351 32331 333 — 21231321 723731 752)
by — 2 (—6a,. a2 2 .6 2 2 2 2
1 = 211 (—6ayy 35353335833 + 6ay1 4y 333355333 — 21231 323352333
2 2 2 2 2 2
+ 2130y 3y3331 333 + 13221359 337933 — 13222323331 932)

5
by = ajjaxnar3zaspass (axa3zz — ax3a32)

Better formulation?

bg = (a11a22 — arpaz1) (11223 — a13321) (211232 — 212231) (211333 — 213331)
- (a11322a33 — 11223332 — A12a21233 + 312323331 + A13321332 — 313322331)

a1 a2 a3
— |a a2 A a3 |an anf A A3 | b
an ap| fan a3l fam & a1 &3] 5 o

Multiply each b; by ai;.
a1 be is the product of 6 determinants involving a;; and 0 not.
ai1bg is mainly the product of O determinants involving a;; and 6 not.

Is a11b; made of products of / determinants involving ai1 and 6 — / not?
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Let R C {2,3} and C C {2,3} with |R| = |C|. Define
A(’é) = det A{1yuR, {1}uC

anndet Ag ¢ M(S) = H (g) H
,C)¢

(R,C)eS (R

—
~
[y
—
Il

Coefficients:
a11be = a11 (a11322 — a12a21) (a11323 — a13a21) (211232 — a12231) (211233 — 213a31)
- (311322333 — ari1ap3aszp — a12a21a33 + aipazsas) + ajzaziaze — 313322331)

=a(@a@)a@)a@) @) @)
— ()12} 21 ) 0 1231y
{2} 13} 2} 3} {23}

a11by = 2y aparzasazs (axpass — axzas)
=r( D@D rEDrE)rED (&)

- )

a11by = a3y (—6a1133,3y333,3%; + 631,29 233935333 — 312321 35333333
2 2 2 2 2 2
+ 212353233231 333 + 313321 32y 339333 — A133323331937)
_ {} {2} {2} {3} {3} {2,3}
m(() -m(3)) - m(55)) - m(G]) - m(E) +m(533)
_ {} {2} {2,3}
= -x(y) —=(6]) +=(63

R

Eric Rowland The Sinkhorn limit of a matrix 2024-2-21

12 /15



Theorem (Rowland-Wu 2024)

Let A be a 3 x 3 matrix with positive entries.

£(S) = M(T)
T=S

The top left entry x of Sink(A) satisfies dgx® + - - - 4+ dix + do = 0, where

_ (1) {2} {2) 3) (3) {23}
6 ==({3 12} (3} (23 (33 (23))

a = —ar (1} 21 21T _p () 2} 21 ) 230 | (2} (2} (3 (31 (231

{} {2} {3} {2} {3}

s (123 (2} (3 0
a=4(1 05 5 ) +=(8

{3 {2} {3} {2} {2,3}

{2} {3} {2,3} {2} {2} {3} {3}
{2} {3} {2,3}) - 32({2} {3} {2} {3})

_ (0 {2} {2} (O (2} (3} {3 {2} {2.3} (2} (2} (3}
a=—( G G) - (0o ) =@ o en) 26 G 6
(0 (2 {3 {23} 2} (3}
% =4x(1 5}) - 3=(5 2a) =5 &)

= =ax(§) - =(3) +=(53)

dO:z()A

{2} {3} {2} {3} {2,3}

_x(@ e

{2} {3} {23}

The coefficients exhibit a surprising symmetry.

Why degree 67 14 4 4+ 1 = 6 determinants involve aj1:
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n—1
) 102 _ . )
For n x n matrices: E ("J. 1) = (2,,"712) determinants involve ajj.
Jj=0

For n x n matrices A, the entries of Sink(A) have degree at most (" 7).

n—1

2x2: degree (f) =2 (ad — bc)x? — 2adx + ad =0

3x3:  degree (3) =6

4 x 4:  degree (g) =20 Grobner basis computation is infeasible.
5x5 degree (3) =70

Compute the Sinkhorn limit numerically to high precision.

Use PSLQ to guess a polynomial for the top left entry.

Do this many many times. .. for 1.5 CPU years.

Generalize to m x n matrices. Coefficients are simple functions of m, n!

Up to signs, we have a conjecture for the explicit polynomial for Sink(A).
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