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Squares on a binary alphabet

Axel Thue (1863-1922)

A square is a nonempty word of the form ww.

Are squares are avoidable on a binary alphabet?
Are there arbitrarily long square-free words on {0,1}?

010X
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Squares on a 3-letter alphabet

Are squares avoidable on {0,1,2}?

01020120210120102012021020102101201020120210 - - -

Theorem (Thue 1906)

There exist arbitrarily long square-free words on 3 letters.

The backtracking algorithm builds the lexicographically least word.

Open problem (Allouche—Shallit, Automatic Sequences §1.10)
Characterize the lex. least square-free word over {0, 1,2}.
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An overlap is a word of the form cxcxc, where c is a letter;
equivalently, wwe, where c is the first letter of w.

Theorem (Thue 1912)
There exist arbitrarily long overlap-free words on 2 letters.

Let ¢(0) = 01 and ¢(1) = 10.
The Thue—Morse word is overlap-free:

©>°(0) =01101001100101101001011001101001 - - -

It follows that cubes are avoidable on a binary alphabet.
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Thue—Morse word

nl]0o1 2 3 4 5 6 7
(n)2]e¢ 1 10 11 100 101 110 111
th=1|(n)2lgmod2{0 1 1 0 1 0 0 1

@ Curious products (Robbins 1958):

[T(n+1ED" = 12' 43. 65. 78. 190 .1121 .1143 .1156. o= \1@

n>0

@ Multigrades (Prouhet 1851):
0°+3%+5%+6°=10420449470 -4
0'+3"+5" +6'=1"+2" 44"+ 7" — 14
02 +8%+5%+6°=12+22+ 424+ 72 =70

Theorem (Allouche—Currie—Shallit 1998)

The lex. least overlap-free word on {0, 1} is 001001¢>°(1).
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Infinite alphabet

On an infinite alphabet, the backtracking algorithm doesn’t backtrack.

Are squares avoidable on Z>q = {0,1,2,...}? Yes.

01020103010201040102010301020105 - - -

Theorem (Guay-Paquet—Shallit 2009)

Letp(n) = 0(n+ 1). The lex. least square-free word on Z> is ¢>°(0).

The nth letter of each word is v»2(n+ 1). The k-adic valuation v(n) is
the exponent of the highest power of k dividing n.

nfo 1 2 3 4 5 6 7
(n+1)z|1 10 11 100 101 110 111 1000
win+1)lo 1 0 2 0o 1 0 3
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Integer powers

More generally, let a > 2. Let ¢(n) = 02~ 1(n+1).
The lex. least a-power-free word on Zxq is ¢*°(0) = (va(n+ 1))p>0.

ws = 00001000010000100001000020000100001 - - -

ws = 00001 w(5n+0) =0
00001 w(bn+1)=0
00001 w(bn+2)=0
00001 w(5n+3) =0
00002 w(5n+4) = w(n) + 1
00001

The letters of ws satisfy a recurrence with constant coefficients.
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k-regular sequences

An integer sequence s(n),>o is k-regular if the set

{s(k°n+r):e>0and0<r<k®—-1}

is contained in a finite-dimensional Q-vector space.

For example, let s(n) = {0 <m < n: (/) #0 mod 8}|.

Eric Rowland

~

s(2n+1) =2s(n)

s(4n+0) = s(2n)

s(8n+2) = —2s(n) +2s(2n) + s(4n+ 2)
s(8n+6) =2s(4n+2)
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Uniqueness of k

A 2-regular sequence is also 4-regular, and vice versa.

k and | are multiplicatively dependent if there exist positive integers s
and t such that kS = ['.

For example, 4 and 8 (since 4° = 82).

Theorem (Bell 2006)

If k and | are multiplicatively independent and s(n),>o is both k-regular
and I-regular, then ) ., s(n)x" is the power series of a rational
function whose poles are roots of unity.
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Fractional powers

011101 = (0111)%/2 is a 3-power.
If x| = |y| = |z|, then xyzxyzx = (xyz)"/3 is a 5-power.

Definition
A word w is an §-power if

w = v®x

where e > 0 is an integer, x is a prefix of v, and ‘M‘ =

For 2 > 1, let w,,, be the lex. least £-power-free word on Z.

We assume gcd(a, b) = 1 from now on.
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Avoiding 3/2-powers

w3, = 001102100112001103100113001102100114001103 - - -

W32 = 001102
100112
001103
100113
001102
100114
001103
100112

Theorem (Rowland—-Shallit 2012)
The sequence of letters in W3 > is 6-regular.

Why 67
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The interval £ > 2

w52 = 00001000010000100001000020000100001 - - - = W5

If ¢ > 2, then Wa/p = Wa.

Proof (one direction).

The a-power v& = (v?)#/P is also an 2-power.
So w,, is a-power-free. Thus w, < W, lexicographically. O

Therefore it suffices to consider 1 < 2 < 2.
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Ws,3 wrapped into 100 columns

ws,3 = 000010100001010000101000010100001020000101 - - -
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Ws,3 wrapped into 7 columns

ws,3 = 000010100001010000101000010100001020000101 - - -

Ws/3 = »>°(0), where p(n) = 000010(n + 1) is a 7-uniform morphism.

Eric Rowland Extremal words avoiding partial repetitions 2016 January 14 14/29



w-,4 wrapped into 100 columns

w>,4 = 000000100100000010010000001001000011000000 - - -
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w-,4 wrapped into 50847 columns

w>,4 = 000000100100000010010000001001000011000000 - - -

W74 = ¢>°(0) for some 50847 -uniform morphism p(n) = u(n+2).
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Wg,s wrapped into 733 columns

wg,5 = 000000010010000010010000000100110000000100 - - -

Wg/5 = ©>°(0) for the 733-uniform morphism

©(n) = 0000000100100000100100000001001100000001001000001001000000010020000
0100100100000001001000001001000001001000000010010010000000100100000
1001000001001000000010010010000000100100000100100000100100000001001
0010000000100100000100100000100100000001001001000000010010000010010
0000100100000001001001000000010010000010010000010010000000100100100
0000010010000010010000010010000000100100100000001001000001001000001
0010110000000100100000100100000001002000001001001000000010010000010
0100000100100000001001001000000010010000010010000010010000000100100
1000000010010000010010000010010000000100100100000001001000001001000
0010010001000100010001000100010001101000000010010000010010000000101
00010001000100010001000100010100000001001000001001000000010100(n + 2).
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We,5 wrapped into 1001 columns

wg,5 = 000001111102020201011101000202120210110010 - - -

(000

There is a transient region.
Introduce a new letter 0’, and let 7(0") = 0 and 7(n) = nfor n € Zxo.

Theorem

There exist words u, v of lengths |u| = 1001 — 1 and |v| = 29949 such
that wg 5 = 7(0>°(0")), where

~Jve(0) ifn=20
elm) = {u(n-l-S) ifn> 0.
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ws,4 = 000011110202101001011212000013110102101302 - - -

We don’t know the structure of ws 4.

19/29
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Catalogue

For many words w,/, there is a related k-uniform morphism.
A k-uniform morphism generates a k-regular sequence.

2=3 - k=6
a=2 & k=7
2=1 — k=050847
a=8 - k=733
24-% — k=1001
=2 5 k=7

Is every w,, k-regular for some k? How is k related to 2? \
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A family related to ws/3

Wg/5 Wip/7 Wi3/7  Wig/g Wy7/9 Wig/11 Woo/11
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The interval 2 < 2 <2

Let3 < & <2 andb odd. Let ¢ be the (2a — b)-uniform morphism

o(n) =02"11032"" (n41)

for all n € Z>o. Thenwy;, = ©>°(0).

@ Show that ¢ preserves Z-power-freeness.
That is, if w is 2-power- free then p(w) is 2-power-free.
Since 0 is 2-power-free, it follows that ¢>°(0) is 2-power-free.

@ Show that decrementing any letter in w,;, introduces an g-power.
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Other intervals

We have 30 symbolic 2-power-free morphisms, found experimentally.

Theorem

Let% <2< g and gcd(b,5) = 1. The (5a — 4b)-uniform morphism
@(n) _ 03—1 1 oa—b—1 1 023—2[)—1 1 oa—b—1 (n_|_ 1)

o 4
is §-power-free.

Theorem
LetS <2 < 2and2¢ {4, 12} The a-uniform morphism

o 4
is §-power-free.

v
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Other intervals

Them—em 50. Let a,b be relatively prime positive integers such that § < § < 32

and ¢ # 3 and ged(b,67) = 1. Then the (67a — 30b)-uniform morphism

T P S Py Y
02502801 | gi0a- 1151 | plaBbo1 ) pile-1ibt | g NedOb-1  gasbod | gl0a-iibt
02802801 | gi0a- 1151 | g adOh-1 | ga-bo | (10a-1ib1 ) gl ggacbol

o 10 gl g by 10 10 f

e-b-1 g-28es28o1 | ATa—I0B-1 | [2a$2TbL | Gl0a—L1b-L | 0 L1b-1  [-Besebod |

o L ta-2b1 | ga-bo1 ) (-3a=28b-1 | giba—116-1 | gda-2b-1 | ga-b—1;
N G P S T TR SN TN R

ottt

LR HI=1  gaobo1 | g10a—11b-1 | g~25a+286-1 ; g10a—11b1 | g BatOb—1
T T ET B A R T T
o-b=1 PR 10b1 g Ta$8-1 ) plla1b-ty o~ 25atA8hoL et ) (Pa-10-1
TSl gRas2o1 | gambo ) gl0anilbol | G10a-11b1 | Gla-2b1 g gasboly

A R TS A T S e S

Q6-bo 3RS ER-1 | i0a116-1 ; g0~ 11b-1 | o-8atOb1 | ga-boi  g0ai1b-1 |
R g ganbol | 2804281 | gloa—11b-1 | gda—Tb—1 pga—b—1 | gloa—t1b—1 |

tach1 | g~ 25a+28b-1 | pl0a—1ib-1 | gRa—Bb-1 | gia—1ib—1 | gabo1 | ga=bo1y

go-b-1 ) o-28a-38b-1 | o 116-1 | gu—bo1 § ga-b-1 pga—b1 | gla-b-i ]

He-12-1 | - TBa k2=t | gt g gHies1B=1 ) g2t g

1y gioamtino g

tamt3h1 | gioasiibot

e N R S S

-atasans

P A PR TR T
R | ganbol Fes L | gloa—LIb-1 | (Tat85-1 ; Gl0a—11b-1 | gl0a-1ib-1
2502851 | gaBe—S1b—L | ) a1 | GFTa—305L | garbol | (-28at2Wb—L | gioa—11b-1
T T R T
b | Gi0a-13h1 | gu-bo | o-3asE0h-1 | (M tho | o BabaR-t | Qi0a 11h-1
Qe-bot Qe 10b1 | e tsh-t | gRa-3hot | gambo1 | Gi0a-1ibd | o hatamho |

Lib1 g SeB=1 | et | gl0s-11b-1 | gioa 1

o 1y gmasesasot  arems0n-1

08By o300 BMb-1 | ga- b1 | gioa- 11b-1 ) gi0a-11h-1 | gfla- G-t o 3asambt )

T

2801 § g100=11b-1 | g1 | gambo1 ; Q0 11b=1 ; o=Satob—1 ;

R Mb-L (o Ea28b L | gl ) pa-boly gibaLibod ) pl0aliso | o TatEbl )
R ALy 3a 42851 | plUe-MLb-L | 0 Tes8b-1 ) pl0alb-d | o Sat9bd | ga bty

P T B PR

Lot | gt |

ST QU 1A= (Bas3ot 3 Tk a— § ga

3y gEemi0ht (s 1,

with 279 nonzero letters, locates words of length 5a — 4b and is &-power-free.
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Coverage of 2-power-free morphisms
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A family with a transient

W17/13

Wo2/17

W25/19
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g 9 a 4
The interval s<§<3

Theorem
Let$ < 2 < % andgcd(b,6) = 1. Let

<P(0/) _ o/oa—2 1 0a—b—1 1 0a—b—1 1@(0)
and

o(n) = 0a—b—1 1 02a72b71 1 0—a+2b—1 1 02a72b71 1 0;:1—1)—1 1 O—23+3b—1 1 04::1—5b—1 1
0—a+2b—1 102a—2b—1 10a—b—1 1 0—2a+3b—1 10—2a+3b—1 105a—6b—1 1
0—2&+3b—1 1 04&—5b—1 10a—b—1 10—2a+3b71 103&73b—1 1 0—2&+3b—1 1
oa—b—1 1 0—33+4b—1 1052—6[7—1 1023—2b—1 1 Oa—b—1 1072a+3b—1 1
035—3b—1 1 O—Za+3b—1 1 O4a—5b—1 1 Oa—b—1 1 0—2a+3b—1 1 02a—2b—1 2
Oa—b—1 1 0—23+3b—1 103a—3b—1 10—26+3b—1 1Oa—b—1 1 Oa—b—1 (n+2),

forn € Zxo. Then Wy, = 7(0>(0")).
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Sporadic rationals

The same proof technique applies to symbolic and explicit rationals. . .

The letters of wy 4 form a 50847-regular sequence.
The letters of wg 5 form a 733-regular sequence.
The letters of wy3,9 form a 45430-regular sequence.
The letters of wy7,1o form a 55657-regular sequence.
etc.

Is there some way to make sense of them?
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Wy7/23 Wrapped into 353 columns

There exist words u, v on

{0, 1,2} of lengths

|ul =353 -1 and |v| = 75019
such that w7 /23 = 7(¢“(0')),
where

_Jve(0) ifn=20
e = {u(n+0) if n> 0.

W27 /23 is also the lex least
2z-power-free word on {0, 1,2}
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