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Squares on a 3-letter alphabet

A square is a nonempty word of the form w? = ww.
Are squares are avoidable on a 3-letter alphabet?

Axel Thue (1863-1922)

Are there arbitrarily long square-free words on {0,1,2}?

Choose an order on {0, 1,2} and try to construct one:
01020120210120102012021020102101201020120210 - - -

The backtracking algorithm builds the lexicographically least sequence
(if it exists).
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Squares on an infinite alphabet

On an infinite alphabet, the backtracking algorithm doesn’t backtrack.
Are squares avoidable on Z>q = {0,1,2,...}? Yes.

s; = 01020103010201040102010301020105 - - -

Let p(n) =0(n+ 1) for each n € Z>.

o

¢(0) = 01
©?(0) = 0102
©3(0) = 01020103

©>°(0) = 01020103010201040102010301020105 - - -

Since |¢(n)| = 2, we say ¢ is a 2-uniform morphism.
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Fractional powers

01110111 = (0111)2 isasquare
011101 = (0111)%/2 is a 3-power.

abracadabra = (abracad)'/7is an ——power

Definition

A word w is an £-power if
w = vex

where e > 0 is an integer, x is a prefix of v, and % =2

For 2 > 1, let s,/;, be the lex. least 2-power-free sequence on Zx.

We assume gcd(a, b) = 1 from now on.

ol

Eric Rowland Automatic proofs for integer sequences avoiding a pattern 2017-07-20 4/24



Avoiding 3/2-powers

s3/2 = 001102100112001103100113001102100114001103 - - -

S3/2 = 001102
100112
001103
100113
001102
100114

001103
100112 s(6n+5)=s(n)+2

Theorem (Rowland—-Shallit 2012)
The sequence sz, is generated by a 6-uniform morphism.

Why 6?
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Ss5,3 Wrapped into 100 columns

s5,3 = 000010100001010000101000010100001020000101 - - -
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Ss5,3 Wrapped into 7 columns

s5,3 = 000010100001010000101000010100001020000101 - - -

s5/3 = ¢>°(0), where ¢(n) = 000010(n + 1) is a 7-uniform morphism.
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sg,5 Wrapped into 100 columns

sg/5 = 000000010010000010010000000100110000000100 - - -
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Sg,5 Wrapped into 733 columns

sg/5 = 000000010010000010010000000100110000000100 - - -

sg/5 = p>°(0) for the 733-uniform morphism

©(n) = 0000000100100000100100000001001100000001001000001001000000010020000
0100100100000001001000001001000001001000000010010010000000100100000
1001000001001000000010010010000000100100000100100000100100000001001
0010000000100100000100100000100100000001001001000000010010000010010
0000100100000001001001000000010010000010010000010010000000100100100
0000010010000010010000010010000000100100100000001001000001001000001
0010110000000100100000100100000001002000001001001000000010010000010
0100000100100000001001001000000010010000010010000010010000000100100
1000000010010000010010000010010000000100100100000001001000001001000
0010010001000100010001000100010001101000000010010000010010000000101
00010001000100010001000100010100000001001000001001000000010100(n + 2).
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S7,4 Wrapped into 50847 columns

s7,4 = 000000100100000010010000001001000011000000 - - -

87,4 = p>°(0) for some 50847 -uniform morphism ¢(n) = u(n+ 2).
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Establishing the structure of s/,

To show that s/, = »>°(0):

@ Show that ¢ preserves 2-power-freeness:
w is 2-power-free = o(w) is Z-power-free.

Since 0 is £-power-free, this implies ¢>°(0) is 2-power-free.

@ Show that decrementing any term in ©°°(0) introduces an
2-power.

We reduce both steps to finite computations.
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Proving g-power-freeness

We want to show that 2-powers in ¢(w) come from 2-powers in w.
Where can an 2-power occur’? (xy)?/b = xyx 1<2<2

Example

Let p(n) = 000010(n + 1) of length k = |¢(n)| = 7.
The word 000 occurs in ¢(w) at positions = 1,2 mod 7.

But each word of length 4 occurs at a unique position modulo 7.
0000 0001 0010 0101 1010 0100 1000 0102

We say ¢ locates words of length 4.

Suppose ¢ locates words of length k.

If o(w) contains an £-power (xy)? = xyx with |x| > k,

then k divides |xy| = mb (for some m).

Assuming gcd(b, k) = 1, then k | m.

Then k divides |xyx| = ma. By shifting, we find an £-power in w.

So if wis £-power-free, then ¢(w) does not contain long £-powers.
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Proving lex-leastness

Show that decrementing any term in ¢©>°(0) introduces an £-power.

We exploit the self-similarity of ©°>°(0).

Example

Let ¢(n) = 000010(n+ 1).
Decrementing 1 to 0 introduces the 3-power 00000 = (000)%/3.

Decrementing n+1toc =0 mtroduces the 3-power 00100 = (001)%/3.

Induction on c¢: Assume that decrementing any letter in ¢>°(0) to ¢ — 1
introduces an £-power ending at this ¢ — 1.

Let p(w) be a prefix of ¢>°(0) with last letter n + 1. “De-substitute”;
then w is a prefix of ©>°(0) with last letter n.

Decrementing n+ 1 to ¢ produces the image, under ¢,

of the word obtained by decrementing nto ¢ — 1.

So, computationally, we just need to check the base cases.
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Catalogue

For many sequences s/, there is a related k-uniform morphism.

k running time

6

7

733 3 seconds
50847 6 hours

AlOT BN 00 WO NW | TN

Is this true for every 2 > 1? How is k related to 7

Eric Rowland Automatic proofs for integer sequences avoiding a pattern 2017-07-20 16 /24



A family related to ss/3

S9/5 S12/7 S13/7 S16/9  S17/9  S19/11 $20/11 S21/11

Let3 < & <2andgcd(b,2) = 1. Let

o(n) =03"110202" (n41).

Then s/, = ¢*°(0).

We must prove 2-power-freeness (and lex-leastness) symbolically.
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Proving £-power-freeness symbolically

Slide length-a window through the circular word 02-1102-2=" (n 4+ 1):

length-a factor | interval for i
03T o ‘ 0<i<a—b—1
0b=1=i10a=b=1(p 4 1)0/ 0<i<2b—a—1

03=b=1=71028=b=1(n 4 1)0?0=8+ | 0 < j<2a—3b—1
gb—a—1—iq Oa__b_1 (n+ 1).oa—b+’ 0<i<2b—a-—1
02=b=1=V(n 4 1) 0b+ 0<i<a—-b-—1

Partition each length-a factor into xyz:

x (length a — b) y (length 2b — a) z (length a — b) | interval for i

Oa—b 02b—av . Oa—b—1—lv 10 . 0<i<a—-b-—1
O.a—q 02b—a—1—/101 Oa—b—1—l(n+1)ol . 0<i<2b—a-—1
07 -b=1=1 10! 0%0ma 0BT (n g 1) 0P | 0 << 22— 3b—
g2b—a—1—i 1 02a—3b+{ 02b—a—1—i (n+1)0 oa—b 0<i<2b—a-—1
Oafb717’(n+1)0’ 02b—a oa—b 0<i<a—-b-1

Also compute factors of length 2a,3a, . . ., Mmaxa.

Check that x # z for each factor.
We don’t need a decision procedure for solvability of symbolic word
equations...

Eric Rowland Automatic proofs for integer sequences avoiding a pattern 2017-07-20 18/24



Testing inequality of symbolic words

We just need to verify inequality of pairs of words we encounter.

X = 0a—b—1—i1 Oi, 7= 02a—3b—1—i (n + 1)02b—a+i_
Since n > 0 and % < 2 < 2, we get x # z by comparing prefixes.

Another heuristic: Delete the common prefix/suffix, or delete 0s, and
recursively test inequality.

Example

0352&—621b—/—1 1 0—51a+91b—1 (n+ 1)0/

0—51a+91b—j—1 (n+ 1)0352a—621b—1 1 Oj

Deleting all explicit O letters in both words gives 1 (n+1) and (n+ 1) 1.
But these aren’t unequal if n = 0!
Instead, look at the system of equalities of the deleted block lengths.

In this case, —51a+91b— 1 #352a—621b—10n 3% < 2 < 33,
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A family with a transient

$17/13

S22/17

S25/19
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g 9 a 4
The interval s<§<3

Theorem
Let$ < 2 < % andgcd(b,6) = 1. Let

<P(0/) _ o/oa—2 1 0a—b—1 1 0a—b—1 1@(0)
and

o(n) = 0a—b—1 1 02a72b71 1 0—a+2b—1 1 02a72b71 1 0;:1—1)—1 1 O—23+3b—1 1 04::1—5b—1 1
0—a+2b—1 102a—2b—1 10a—b—1 1 0—2a+3b—1 10—2a+3b—1 105a—6b—1 1
0—2&+3b—1 1 04&—5b—1 10a—b—1 10—2a+3b71 103&73b—1 1 0—2&+3b—1 1
oa—b—1 1 0—33+4b—1 1052—6[7—1 1023—2b—1 1 Oa—b—1 1072a+3b—1 1
035—3b—1 1 O—Za+3b—1 1 O4a—5b—1 1 Oa—b—1 1 0—2a+3b—1 1 02a—2b—1 2
Oa—b—1 1 0—23+3b—1 103a—3b—1 10—26+3b—1 1Oa—b—1 1 Oa—b—1 (n+2)

forn € Zso. Then sy, = 7(p>(0')).
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Other intervals

We have 30 symbolic 2-power-free morphisms, found experimentally.

Theorem

Let% <2< g and gcd(b,5) = 1. The (5a — 4b)-uniform morphism
@(n) _ 03—1 1 oa—b—1 1 023—2[)—1 1 oa—b—1 (n_|_ 1)

o 4
is §-power-free.

Theorem
LetS <2 < 2and2¢ {4, 12} The a-uniform morphism

o 4
is §-power-free.

v
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Other intervals

Them—em 50. Let a,b be relatively prime positive integers such that § < § < 32

and ¢ # 3 and ged(b,67) = 1. Then the (67a — 30b)-uniform morphism

T P S Py Y
02502801 | gi0a- 1151 | plaBbo1 ) pile-1ibt | g NedOb-1  gasbod | gl0a-iibt
02802801 | gi0a- 1151 | g adOh-1 | ga-bo | (10a-1ib1 ) gl ggacbol

o 10 gl g by 10 10 f

e-b-1 g-28es28o1 | ATa—I0B-1 | [2a$2TbL | Gl0a—L1b-L | 0 L1b-1  [-Besebod |

o L ta-2b1 | ga-bo1 ) (-3a=28b-1 | giba—116-1 | gda-2b-1 | ga-b—1;
N G P S T TR SN TN R

ottt

LR HI=1  gaobo1 | g10a—11b-1 | g~25a+286-1 ; g10a—11b1 | g BatOb—1
T T ET B A R T T
o-b=1 PR 10b1 g Ta$8-1 ) plla1b-ty o~ 25atA8hoL et ) (Pa-10-1
TSl gRas2o1 | gambo ) gl0anilbol | G10a-11b1 | Gla-2b1 g gasboly

A R TS A T S e S

Q6-bo 3RS ER-1 | i0a116-1 ; g0~ 11b-1 | o-8atOb1 | ga-boi  g0ai1b-1 |
R g ganbol | 2804281 | gloa—11b-1 | gda—Tb—1 pga—b—1 | gloa—t1b—1 |

tach1 | g~ 25a+28b-1 | pl0a—1ib-1 | gRa—Bb-1 | gia—1ib—1 | gabo1 | ga=bo1y

go-b-1 ) o-28a-38b-1 | o 116-1 | gu—bo1 § ga-b-1 pga—b1 | gla-b-i ]

He-12-1 | - TBa k2=t | gt g gHies1B=1 ) g2t g

1y gioamtino g

tamt3h1 | gioasiibot

e N R S S

-atasans

P A PR TR T
R | ganbol Fes L | gloa—LIb-1 | (Tat85-1 ; Gl0a—11b-1 | gl0a-1ib-1
2502851 | gaBe—S1b—L | ) a1 | GFTa—305L | garbol | (-28at2Wb—L | gioa—11b-1
T T R T
b | Gi0a-13h1 | gu-bo | o-3asE0h-1 | (M tho | o BabaR-t | Qi0a 11h-1
Qe-bot Qe 10b1 | e tsh-t | gRa-3hot | gambo1 | Gi0a-1ibd | o hatamho |

Lib1 g SeB=1 | et | gl0s-11b-1 | gioa 1

o 1y gmasesasot  arems0n-1

08By o300 BMb-1 | ga- b1 | gioa- 11b-1 ) gi0a-11h-1 | gfla- G-t o 3asambt )

T

2801 § g100=11b-1 | g1 | gambo1 ; Q0 11b=1 ; o=Satob—1 ;

R Mb-L (o Ea28b L | gl ) pa-boly gibaLibod ) pl0aliso | o TatEbl )
R ALy 3a 42851 | plUe-MLb-L | 0 Tes8b-1 ) pl0alb-d | o Sat9bd | ga bty

P T B PR

Lot | gt |

ST QU 1A= (Bas3ot 3 Tk a— § ga

3y gEemi0ht (s 1,

with 279 nonzero letters, locates words of length 5a — 4b and is &-power-free.
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Coverage of 2-power-free morphisms
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