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Catalan numbers modulo 2

What do combinatorial sequences look like modulo p®?

C(Mnso =1,1,2,5,14,42,132,429, . ..
Cc(3)=5

C(n) m0d2)n20:171a0717070707170707070707070717"-

Theorem (folklore)
Foralln> 0, C(n) is odd if and only if n+ 1 is a power of 2.
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Catalan numbers modulo 4 and 8

Theorem (Eu-Liu—Yeh 2008)

Foralln> 0,

1 ifn+1=22forsomea>0

C(nmod4 =<2 jfn+1=2°4+22forsomeb>a>0

0 otherwise.

Theorem 4.2. Let C,, be the nth Catalan number. First of all, C, #g 3 and C,, #g 7 for any n. As
for other congruences, we have
1 ifn=0orl;
2 ifn=2%+2" —1 for some a > 0;
C. = 4 ifn=2+2"42°—1forsomec>b>a>0;
"=815 ifn=2%—1forsomea >2;
6 ifn=2+2"—1forsomeb—2>a>0;
0 otherwise.
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Catalan numbers modulo 16

Liu and Yeh (2010) determined C(n) mod 16:

Theorem 5.5. Let ¢, be the n-th Catalan number. First of all, ¢, #16 3,7,9,11,15 for any
n. As for the other congruences, we have
1 ﬂ <1,
5 if d(a) =0 and =2,
13 > 3
2 . or
10 if dl@)=1,a=1 and 1,
Cn =16 6 . 2, >2
14 if dla)=1,a>2 and ( —923<1
4 ) zr(a) = 07
12 if d(a)=2 and zr(a)
8 if d(a)=
0 if d(a) > 4
where a = (CFy(n+1) —1)/2 and 8 = wa(n+ 1) (or f = min{i | n; = 0}).

They also determined C(n) mod 64.
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Automatic sequences

C(n) is odd if and only if n+ 1 is a power of 2.

<
N N

This automaton outputs C(n) mod 2 when fed the base-2 digits of n,
starting with the least significant digit.

(C(n) mod 2) > is 2-automatic.

Let Df denote the diagonal of a multivariate formal power series f.

Theorem (Denef—Lipshitz 1987)

Leta > 1. Let P(x), Q(X) € Zp[x] such that Q(0,...,0) #0 mod p.
Then the coefficient sequence of <D %) mod p® is p-automatic.
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Catalan numbers modulo 4

) ) Oi
Ay o PN
Y C(nmx"is the diagonal of " @< (°) e
n>1 2 o

= 1> /

y(2xy? +2xy — 1) 1 1

2 1 \ :
Xy +2xy +x — 1 > Ak
\nrr/‘c ‘\\7 /1//‘

By computing an automaton for a sequence modp®, we can answer. ..
@ Are there forbidden residues?
@ What is the limiting distribution of residues (if it exists)?
@ |s the sequence eventually periodic?
@ Many other questions known to be decidable.
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Catalan numbers modulo 8 and 16

Theorem (Liu—Yeh)

Foralln> 0, C(n) #9 mod 16.

Eric Rowland Arithmetic properties of some combinatorial sequences 2016 February 11 7131



Catalan numbers modulo 2¢

Foralln> 0,

@ C(n)#17,21,26 mod 32,
@ C(n)#10,13,33,37 mod 64,
@ C(n) # 18,54,61,65,66,69,98,106,109 mod 128.

Only ~ 35% of the residues modulo 512 are attained by some C(n).

Open question

Does the density of residues modulo 2% that are attained by some
Catalan number tend to 0 as « gets large?
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Motzkin numbers modulo 8

Theorem (Eu—Liu—-Yeh)

Foralln> 0, M(n) #0 mod 8.

Proof:
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Other combinatorial sequences

Riordan numbers: R(n),>o = 1,0,1,1,3,6,15,36, ...

Foralln> 0, R(n) # 16 mod 32.

Number of directed animals: P(n),>o = 1,1,2,5,13,35,96, 267, ...

Foralln> 0, P(n) # 16 mod 32.

Number of restricted hexagonal polyominoes:
H(n)pso = 1,1,3,10,36,137,543,2219, ...

Foralln> 0, H(n) #0 mod 8.
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Christol (1990) conjectured that if an integer sequence
@ is holonomic and
@ grows at most exponentially,

then it is the diagonal of a rational function.

(N >0 grows too quickly to be the diagonal of a rational function.

If the conjecture is true, then many sequences that occur in
combinatorics are p-automatic when reduced modulo p®.
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Limiting properties

Open question

Does the density of residues modulo 2* that are attained by some
Catalan number tend to 0 as « gets large?
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Can we get information about a sequence in the limit as @ — co?
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Values of C(2")

c(1) = 1 =
C(2) = 2= 10,
C(4) = 14 = 1110,
C(8) = 1430 = 10110010110,
C(16) = 35357670 = 10000110111000001111100110,

Michel, Miller, and Rennie (2014) showed that nIi_}m C(2") exists.
This limit is a 2-adic integer.
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Let p be a prime.

Every p-adic integer has a representation dy + dip + dhp? + - - -,
where d; € {0,1,...,p—1}.

We define the p-adic absolute value | - |, on Q:

Let a, b be nonzero integers not divisible by p. Let k € Z.
Define |2p*|, := # and [0|, := 0.

Qp is the completion of Q with respect to | - |p.

In Zs, lim 2" = 0.
n—oo
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Interpolation to Z»?

lim C(2") exists in Z,.

n—oo

But we cannot interpolate C(n) to a continuous function C(x) on Z,
because

lim C(2") #1=C(0).
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Values of F(3")

The Fibonacci sequence F(n),>o =0,1,1,2,3,5,8,13,... satisfies

F(n+2)=F(n+1)+ F(n).
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Subtract the limits

Values of F(32") — limp_so F(3%™):

Values of F(32™") — limp,_, F(32™):

17 /31
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Divide by 3"

Values of F(32") —limm— oo F(32m):

32n

Values of F(32M1)—limpm— 00 F(32MH1) .

32n+1

These pictures suggest two 3-adic power series:

If x = 32", then
F(x)=co+Ccix+ X +---.
If x = 327+ then

F(X) = do+ chX + dox® +--- .
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Interpolation to R

Let ¢ = 145 and ¢ = 155, Then

Since ¢ is positive,

¢" = (explog ¢)" = exp(nlog ¢).

But ¢ is negative:

¢" = (=1)"(=¢)" = (-1)"(explog(~9))" = cos(rn) exp(nlog(—9)).

F(n) is interpolated to R by the analytic function

F(x) = exp(x log ¢) — COS\(/?) exp(xlog(~¢))
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Extensions of Qp

It can happen that x2 — x — 1 has no roots in Qp.

Let d and e be the degree and ramification index of Qp(v/5)/Qp.
@ Ifp=2,3 mod 5, then/5 ¢ Qpandd =2 ande = 1.
@ Ifp=5,thenv/5¢ Qs andd = e = 2.
@ Ifp=1,4 mod 5, then/5 € Qp, sod =e=1.

Forp=2,p=5,andp=11:

=] B el

f:= d/e will turn out to be the number of limit points.
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p-adic logarithm and exponential

The p-adic logarithm
—1)ym
log, x := > _(~1)™"" =17
m>1 m
converges for x € Z, such that [x — 1|, < 1.

The p-adic exponential function

Xm

m>0

converges for x € Z, such that |x|, < p~1/(P=1).

If |x —1|p < p~"/®P=1), then

X = expplog, x.
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Roots of unity

We may need to divide by a root of unity in Z,. Let f = d/e.

Proposition

Letp # 2. For each § € Qp(V/5) such that 8|, < 1, there exists a
(p" — 1)-st root of unity w(8) such that | 57z — 1|p < p~ /P~

Let ¢ be a root of x> — x — 1; then |¢|, = 1, and we have
o

For nin a fixed residue class modulo p’ — 1, w(¢)" is constant.
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Twisted interpolation for the Fibonacci sequence

Let ¢ = 145 and ¢ = 155 in Qu(V/5).

Letp # 2 be a prime, and let0 < i < pf — 2.
Define the function F; : Zp, — Z, by

w(e) exp, (xlogp %) — w(¢) expy (xlogp ﬁ)
NG
(w(6) — (~1)™(3)) (log, &)
= m!\/5

Filx) =

xM,

Then F(n) = Fij(n) foralln=i mod p’ —1and0 <i<pf—2.

Since Aj:={n>0:n=i mod p’ — 1} is dense in Z,
Fi(x) is the unique continuous function that agrees with F(n) on A;.
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F(n)/w(3)" can be extended to an analytic function on Zs, namely

% sinhs (x logs %) :

sinh,(x) =

exp,(X) — expy(—X) _ Z 1 S 2m+1
2 (2m+1)!
m>0

In particular, lim,_,~, F(5") = 0. W
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Limits of F(p")

For a, b € Z, we have

: fn _ -
nl|_>moo F(ap™ + b) = 75
InZ, lim F(32") and lim F(3%"t1) are equal to +/2.

In Z, lim F(22") and lim F(22"") are equal to &/ —32.
—00

n—oco 5

In Z41, lim F(11")is a root of 5x% 4 5x + 1.
n—oo

o] R
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Limiting density of attained residues

Burr (1971) characterized the integers m such that (F(n) mod m),>o
contains all residue classes modulo m.

In particular, F(n),>o attains all residues modulo 3* and 5¢.

Does the limit

im [1F(n) mod p®:n > 0}

a—00 pa

exist for other primes?
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Fibonacci residues modulo 11¢
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Fibonacci residues modulo 11¢

Let 1 be the Haar measure on Z,, defined by p(m + p*Zp) = p~«.

Theorem

The limiting density of residues attained by the Fibonacci sequence
modulo 11¢ is

im [{F(n)mod 11%:n >0} _ (UF Z11)> 145

a—00 11«

The twisted interpolation of F(n) to Z¢1 consists of 10 functions
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General constant-recursive sequence

Let s(n),>0 be a sequence of p-adic integers satisfying a linear
recurrence

s(n+0)+a_1s(n+£—1)+---+as(n+1)+aps(n) =0
with constant coefficients a; € Zp,.

We can write

s(n) =) cs(n)s"
B

for some polynomials cg(x) € K[x], where /3 runs over the roots of the
characteristic polynomial x¢ + - - - + a;x + ap.
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General constant-recursive sequence

Let p be a prime, and let s(n),>o be a constant-recursive sequence of
p-adic integers with monic characteristic polynomial € Zp[x]. Then
s(n)n>0 has an approximate twisted interpolation to Zp. That is, there
exists g a power of p, a finite partition N = | J icy A; with each A; dense
inr+ qZp forsome 0 < r < q — 1, finitely many continuous functions
S; : Zp — K, and non-negative constants C, D with D < 1 such that

[s(n) = sj(n)lp < C- D"
forallnec A;andj e J.
Let s(n+2) = 2s(n) and s(0) = s(1) = 1. The roots of the

characteristic polynomial are 4+v/2. For p = 2, the constants C, D are
nonzero, since /2 is a uniformizer of Q»(v/2)/Q.

v
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Applications
Theorem |

Theorem
Leta,be Z witha> 1. Then

I s(@" +5)= " as(b)el(s)"”
18lp=1

In particular, the value of this limit is algebraic over Qp

Theorem

| A

Let s(n),>o be a sequence of p-adic integers with an approximate

twisted interpolation {(s;,,Ais) :0<i<p'—2and0<r<gq-1}.
Then

a—»00 pa

iim |{s(n) mod p® : n > 0}| — (Zp N US/,r(f+ qZp)> .

ir
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