TWO BINOMIAL COEFFICIENT CONJECTURES

ERIC ROWLAND

To Doron Zeilberger in honor of his 60th birthday!

ABSTRACT. Much is known about binomial coefficients where primes are con-
cerned, but considerably less is known regarding prime powers and composites.
This paper provides two conjectures in these directions, one about counting
binomial coefficients modulo 16 and one about the value of (27;) modulo n.

1. INTRODUCTION

On the occasion of Doron Zeilberger’s sixtieth birthday I present two conjectures
on arithmetic properties of binomial coefficients. These conjectures epitomize the
celebrated Zeilbergerian experimental approach to mathematics. They began as
naive questions. Answers to these questions were computed (by a machine) in many
specific instances, and the data was analyzed (by a human with the assistance of
a machine) for patterns. From such experiments, and in the case of the second
conjecture after a fair amount of work, the author formulated and simplified the
statements of the conjectures, which were then verified against additional data.

Perhaps most importantly, the conjectures given in this paper are empirical
claims and are unproven! We do however condescend to prove some propositions.

Accompanying these two conjectures are two stories. Arithmetic properties of
binomial coefficients have a long and interesting history, a major theme of which
is that properties of (;‘L) involving the prime p are related to the standard base-p
representations nyn;_1 - --ning and mym;_1---mymg of n and m. The theorems
of Kummer [I3, pages 115-116] and Lucas [I5] are important examples of this
relationship.

Theorem (Kummer). Let p be a prime, and let 0 < m < n. The exponent of the
highest power of p dividing (:@) is the number of borrows involved in subtracting m
from n in base p.

Theorem (Lucas). If p is a prime and 0 < m < n, then

(%) —H(m) mod p.

The relationship between (:1) and the base-p representations of n and m can be
thought of as a consequence of the self-similarity present in both Pascal’s triangle
and base-k representations of nonnegative integers. Figure[[]shows Pascal’s triangle
modulo powers of 2.

Moreover, this relationship provides a natural rendering of number theoretic
questions about binomial coefficients in terms of combinatorial questions about
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F1cURE 1. Pascal’s triangle modulo 2% for 1 < a < 6, in which
nested structure can be seen.

words. We shall use the notation |nl|,, to denote the number of occurrences of the
word w in the base-p representation n;n;_1 ---ning, where p is the prime implied
by context.

Both conjectures in the paper are concerned with the values of () modulo k.
The first conjecture concerns counting binomial coefficients (:1) equivalent to a
certain residue class modulo 16, for fixed n. The second conjecture concerns the
value of (27; ) modulo n.

2. COUNTING ENTRIES MODULO k

Counting binomial coefficients is a sort of “meta-combinatorics” — we are count-
ing the counters! One basic question we can ask about Pascal’s triangle modulo &
is how many nonzero entries there are on row n. This question was answered for
prime k& = p by Fine [5] and shown to be Hi:o (n; +1). For prime powers k = p*
an expression was found by the author [I6]. There has been no progress in the case
of composite k.

Here we shall be interested in a refinement of the previous question: Let ay .(n)
be the number of integers 0 < m < n such that (') = r mod k; what is the
structure of ay ,(n)?

The first result on ay ,.(n) was Glaisher’s 1899 [7] discovery that a1 (n) = 2/"It.
After that there appears to have been no results until 1978, when Hexel and
Sachs [I1], §5] determined a formula for a,, i (n) for any prime p in terms of (p—1)th
roots of unity, where r is a primitive root modulo p. From this they derived

as.1(n) =2"h-1. (3|n|2 + 1)

ag(n) = 2I"h=1. (3'"'2 — 1)
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as well as explicit formulas for a5 . (n) in terms of |n|, |n|2, 0|3, and |n|s. Garfield
and Wilf [6] exhibited a method to compute the generating function Ef:—g ap i (n)xt,
where again r is a primitive root.

Recently, Amdeberhan and Stanley |2, Theorem 2.1] studied the number of co-
efficients equal to r in the nth power of a general multivariate polynomial over
a finite field, where r is an invertible element of the field. They showed that if
f(x) € Fy[zy,. .., 2y] then the number a(n) of coefficients in f(x)" equal to r € F¥
is a g-regular sequence, meaning that it satisfies linear recurrences in a(¢°n + 1) [IJ.

The first results for a non-prime modulus were formulas for a4 ,(n) given by
Davis and Webb [3]:

2l if |n]11 =0
az1(n) = olnli=1  otherwise

ag2(n) = glnhi—1. 7|10

0 if In =0
aas(n) = { In|11

2lnli=1 gtherwise

(where |n|,, counts occurrences of w in the base-2 representation of n). In particular,
if r is odd then a4,,(n) is either 0 or a power of 2.

Granville observed that in a sense the statement that a4, (n) is either 0 or a
power of 2 parallels Glaisher’s result that as;(n) = 2/"t is (either 0 or) a power
of 2. Granville asked whether a similar statement is true modulo 8. His delightful
paper “Zaphod Beeblebrox’s brain and the fifty-ninth row of Pascal’s triangle” [8]
contains the following theorem.

Theorem (Granville). If r is odd then ag(n) is either 0 or a power of 2.

As in the case of a4 ,(n), for even r other values occur. For example, ag 4(12) =5
and ag o(16) = 12.

Granville goes on to consider the number of binomial coefficients congruent to an
odd residue class  modulo 16, and he discovers that the analogous statement fails
for n = 59! Granville writes: “Unbelievably, there are exactly six entries of Row
59 in each of the congruence classes 1, 11, 13, and 15 (mod 16)! Our pattern has
come to an end, but not before providing us with some interesting mathematics, as
well as a couple of pleasant surprises.”

But this isn’t the end of the story! We are now lead to ask: What values does
aie,-(n) take for odd r? Explicit computation shows that up to row 220 the set of
values that occur is

{0,1,2,4,6,8,12, 16, 20, 24, 32, 40, 48, 56, 64, 72, 80, 96, . . ., 65536}

This computation took nearly three CPU weeks to complete. It is clear that the
only odd number that occurs is 1, since (2:) is even for n > 1, so ag,-(n) is even.
But the data suggests that ai6,(n) does not take on every even number.

Conjecture 1. Fiz n and odd r.
If a16,-(n) is divisible by 3, then it is also divisible by 2.
If a16,-(n) is divisible by 5, then it is also divisible by 22.
If ay6,-(n) is divisible by 7, then it is also divisible by 23.
If asg,-(n) is divisible by 11, then it is also divisible by 2°.
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If a16,-(n) is divisible by 13, then it is also divisible by 2°.
If asg,-(n) is divisible by 17, then it is also divisible by 2*.
If a16.(n) is divisible by 31, then it is also divisible by 2°.

Moreover, these eight primes are the only primes that appear up to row 220, Of
course, there is a probably a more general and more compact conjecture waiting to
be discovered. However, it is not clear what the corresponding powers of 2 might
be for larger primes.

Granville’s analysis of ag ,(n) was long (and in fact incomplete [9), 12]). How-
ever, it should be possible to automate Granville’s work in true Zeilberger fashion.
We do not undertake this work here, but once this is done and understood, the
methodology will likely be applicable to ai(n), and perhaps the statements in
the conjecture and the larger context surrounding them will become clear. Hope-
fully a reader will take up this challenge!

3. THE VALUE OF () MODULO n

We all know the feeling of anxiety caused by witnessing a calculus student apply

the “high school dream”ﬂ

(a+b)"=a"+b",
in which exponentiation distributes over addition. But of course the high school
dream is actually valid on occasion. In particular, (a 4+ b)? = a? + b’ mod p, since
(Z)EO mod pfor1<m<p-—1.

We might then ask: How badly does the high school dream fail for non-primes?
What is (;:1) modulo n, and how frequently is it nonzero? With such an answer we
can precisely quantify how upset at students we are entitled to get!

Rather than study () modulo n directly, we divide by n and consider frac(X (")),
where frac(z) = z — |z is the fractional part of 2. We can recover the value of ()
modulo n from () = nfrac(: (")) mod n. Figure 2| displays frac(X (")) graphi-
cally. The principal advantage of reformulating in this way is that for fixed m > 1

the sequence frac(%(:;)) for n > 1 is periodic, which we soon prove. For example,
if m = 4 the sequence frac( (")) is
1 1 3 1 1 3 1 1 3
OaO,Oa 1703 5;0, Zaoaoaoa 1707 5703 1307()’07 1703 5;0, 17 .

If m = 5 the sequence is

1 1 1 1 1
0707()’07570707()’07570707()’055707070a075707070a0757"'7

and if m = 6 it is

1 11 121 1 1 1
0707()’0’0767075’§a0507070a§a§7§707§70a0507§7076a
1 1 12 1 1 1 2 11 1
0707§a0a07§707§7§a0507§707§a05570757()’0’5)570757
2 5 1 2 111 21 5
0707§a07076707§70a0507§707§a§7§707070a07§7§70767"

with period length 72.
The proof of periodicity follows from a result of Lu and Tsai [T4].

Ixnown as the “freshman dream” in countries such as the U.S. with lagging math education
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FIGURE 2. Rows 1 through 27 — 1 of Pascal’s triangle, where ()
is assigned the gray value between 0 (white) and 1 (black) corre-
sponding to frac(Z(™)).

m

Theorem (Lu and Tsai). Let k > 1 and m > 1. The sequence (Z) modulo m for
n > 0 is periodic with (minimal) period length

m - lelogp k]

plm
We now apply the Lu-Tsai result to (:1) mod n.

Proposition. Let m > 1. The sequence frac(: (")) for n > 1 is periodic with
period length

m - H pl.lng(m_l)J .

plm

The factor pt'°8»(™~1J can be interpreted as the largest power of p that is strictly

less than m.
1/n _1 n—1
n\m) m\m-—1)

Taking the fractional part of both sides and letting ¥ = m — 1 in the previous
theorem gives the desired result. [

Proof. We have

In the remainder of the paper we aim to compute frac(+ (")) in two cases —
when m = p and when m = 2p. The case when m = p is fairly simple. Let dg be 1
if the statement S is true and 0 if S is false.
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Proposition. If p is a prime and n > 1, then

Limy, 1 o ifptn
frac(n<p)) = plin = {1/p ifp|n.

First proof. By the previous proposition, the period length of frac(%(;f)) is p, so
the values of frac(% (Z)) for n > 1 are determined by the values for 1 < n < p. For
1§n§pflwehave(Z):O,and(i):l. O

Therefore (;) is zero modulo n with frequency pp;l.

We provide a second proof of this proposition that is more similar to the proof
of the final proposition of the section. We require two preliminary results. The
first follows immediately from Kummer’s theorem. Let 1v,(n) be the exponent of
the highest power of p dividing n.

Lemma. Ifp is a prime and 0 < m < n, then v,((*")) = v,(([)).

pm m

The second is a result discovered by Anton in 1869 and rediscovered by both
Stickelberger and Hensel that determines the value modulo p of a binomial coeffi-
cient removed of its p factors [4,[10]. Recall that nyn;_1 -+ - ning and mym;_1 - - - mymyg
are the representations of n and m in base p. We write (n — m); for the ith base-p
digit of n — m.

Theorem (Anton). Let p be a prime, and let 0 < m < n. We have

1 n _ : Tll'
(_p)vp((m))<m>_g,,m_m)l| mod p.

Note that the arithmetic on the right side of the congruence takes place in Z/pZ,
not R/pZ.
We are now ready to give the second proof.

Second proof of the proposition. We show that (Z) = % pln mod n.
For any integer m, (™) = (*~}) € Z, so in particular p(Z) =0 mod n.

If p { n then p is invertible modulo n, so (Z) =0 mod n.

If p| n,let v = vp(n) and write n = p¥n’. We show that (;) = 2 mod n. Since
n' | (;) and n’ | 2, we have (Z) = 7 mod n/. It remains to show that (Z) =7
mod p”. By the lemma, Vp((Z)) = Vp((”{p)) = 1p(n) — 1. Write (Z) =p""1¥. One
checks that the ratio in Anton’s theorem is
1 ifi=0
n;! 1 ifl1<i<vw
_— = o mod p.
pil(n —p);! n, ifi=v
1 ifi>v
It follows that &' =n’ mod p, so multiplying by p”~! gives (Z) = % mod p”. O

1(n
n \m.
conjecture concerns the case m = 2p. The period length of frac(%(zn)) for p #

When m is not prime, the behavior of frac( ( )) is more complex. Our second

2 is 2Ueg2(2p—DI+152 - However, the conjecture states that we may specify these
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2Uog2(2p—1)J+152 values in a more concise way than by listing them explicitly. First
we prove a result for frac(2 (2’; ))-
Proposition. If p is a prime and n > 1, then

2/(n ny—1
frac(ﬁ <2p>) = frac(T)émn.
2

For example, if p = 3 then the sequence frac(2(3)) is

1 2 1 2 1 2
0,0,0,0,0, 5,0,0,5,0,0,070,0, 5,0,0,5,0,0,0,070,5,0,0,5,....
Proof. As in the proof of the previous proposition, 2;”(27;)) € 7Z, so 2p(27;)) =0
mod n.

First consider p = 2. The period length of frac(% (Z)) is 4. The period length of
frac(%)éz‘n is also 4, so one checks that the first 4 values of the two sequences
agree.

Let p # 2.

If pfn then 2(;) =0 mod n.

If p | n, let v = vp(n) and write n = p“n’. We show that 2(,’ ) 25 -1
mod n. Since 2(2';) =0 mod n’ and 2(3 —1) =0 mod n/, it suffices to show that
2(27;) = 2(3 —1) modp”. Let g = VP(Z(Q’;)), and write 2(2’;) = p’b'. By the
lemma, 8 = vp(3(5 —1)) =v —1+v,(3 —1). We consider two cases. If ny > 2,
the ratio in Anton’s theorem is

| 1 ifi=0
@z~ | 2GRt wedp
1 ifi>1

in this case v =1 and 8 =0, so

2<n):n<n_1> mod p
2p PP

as desired. Alternatively, if ny < 2, the ratio is

1 ifi=0
1 . .
il 20y +p—2)! ifi=1
m: -1 lf2§’£§ﬁ H?lOdp7
EY ifi=p8+1
1 ifi>p+1

so (since (ny +p —2)! = (-1)"* mod p)

( ) L?;LJ mod 7.

Now if ny =1 then § = v,(n — p) — 1, so this becomes

n o n n—p _ n(n .
2 = pre(n—p)~1 L J = — ( — 1) mod p*»("P),
(2p) pr(n=P) D p\D
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which is sufficient since v,(n —p) > 1 = vp(n). If on the other hand n; = 0 then
B = vp(n) — 1, so we have

n n n_n(n
2 = —prr(m-l {J =——=— ( — 1) mod p*» (™, O
(QP) prr(™) p p\p

Since frac(2 (27;)) = frac(”lel)(Sp‘n, it follows that, for a given n and p, frac(+ (27;))
"12;1 dpjn) or frac( ”12;1 5p|n+%), depending on whether % (27;) - "1])_1 Opin

is even or odd. For example, if p = 3 then %(;p) — ”1;15p|n is even unless n is

is either frac(

congruent to one of
8,9,14,15,16, 18,22,27, 30, 32, 33, 36, 38, 40, 42, 45, 46, 48, 51, 56, 60, 62, 63, 64, 69, 70

modulo 72.
However, we can significantly simplify this condition by rewriting the previ-

ous proposition instead as frac(%(g;)) = frac((m'l);%)&mn. Now frac(%(%))

is either frac(wl)i%épm) or frac(wl)(+_l)5p‘n + 1), depending on whether

g(n) _ )=l ¢ g(n) _ ()1 ¢
n \2p p pln ’ n \2p p p|n
is even unless n is congruent to one of 6,8 modulo 8.

The following conjecture claims that we can determine when this second criterion
holds — and thereby compute frac(% (27; )) — by examining the binary representa-
tion of p. Let mod(a, b) be the number x = ¢ mod b such that 0 < z < b. By ‘|m|o’
we mean the number of zeros in the standard binary representation of m (with no

leading zeros). Note however that ‘n’ still refers to the base-p representation of n.

is even or odd. Taking p = 3 again

Conjecture 2. Let p # 2 be a prime, let m = 2p, and let mymy_1 ---mymg be the
standard base-2 representation of m. Let n > 1. Then

2(n (p+1D(ng —1)

Nop) =%
P p

is odd if and only if

l .
= J o [1og, (2p) | +1
n = 2p + Z \‘2|m0d(2p721‘+1)0_51’1J m12 mOd 2 g2 (4P
=0

for some 0 < j < 212Plo — 1,

Letting exceptionaly,(n) be the statement that %(27;) - M%mépln is odd,
it follows from the conjecture that

1/n (p+1)(n1—1) 1
frac(ﬁ (2]))) = frac(T 5p|n + 5 6exceptiona12p(n))'

Let us compute some examples of the exceptional residue classes given by the
conjecture. Let p = 3. For j = 0 we obtain

2
0 )
n=06+ Z {2|m0d(6a2i+1)|0—51=1J m12 mod 8
=0

=6+0-0-2°+0-1-2"40-1-22
= 6.
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For j = 1 the exceptional residue class is

2
1 )
n=6+ Z {2|m0d(6,2‘+1)05i=1 J m12 mod 8
i=0

_ 1 0 1 1 1 2
=6+ {zwoJ 0.2+ {sz_lJ -2 {Q%J 12

1
=64+ [1]-0-204[1]-1-2' + {2J .1-22
=38.
In general, one can think of the sum in the conjecture as performing an operation
similar to the product Zé:o jm;2¢ of 2p and j in base 2. For example, let p =

173 and 57 = 13. The product 2p - j is computed as follows using the standard
multiplication algorithm.

1010110104
X 1101,
1101
1101
1101
1101
+ 1101

10001100100102

To compute the expression

l .
J i
2 {mmod(zpziﬂno—st m;2

i=0

we truncate and shift each instance of j as follows.
1010110104
* 1101,

1101

1101

1101
et
+ 10T

101000104

As with Conjecture 1, a proof of Conjecture 2 will undoubtedly provide more
context for the result and will perhaps reveal a more natural formulation. We have
also not addressed the computational feasibility of computing frac( (27; )) using

1
n
Conjecture 2. In particular, there is no obvious way of quickly determining whether
there is an appropriate j establishing that n belongs to an exceptional residue class.
However, Conjecture 2 is suggestive in its departure from traditional results for
prime power moduli. The immediate question is whether it can be generalized to
frac(L (ZZ])) The author does not know the answer.
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