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ABSTRACT. We use Grobner bases to compute the Sinkhorn limit of a positive
3 X 3 matrix A, showing that the entries are algebraic numbers with degree at
most 6. The polynomial equation satisfied by each entry is large, but we show
that it has a natural representation in terms of linear combinations of products
of minors of A. We then use this representation to interpolate a polynomial
equation satisfied by an entry of the Sinkhorn limit of a positive 4 X 4 matrix.
Finally, we use the PSLQ algorithm and 1.5 years of CPU time to formulate
a conjecture, up to certain signs that we have not been able to identify, for a
polynomial equation satisfied by an entry of the Sinkhorn limit of a positive mx
n matrix. In particular, we conjecture that the entries are algebraic numbers

with degree at most (m;‘,:IQ) This degree has a combinatorial interpretation

as the number of minors of an (m — 1) X (n — 1) matrix, and the coefficients
reflect new combinatorial structure on sets of minor specifications.

1. INTRODUCTIONEI

In a 1964 paper, Sinkhorn [I9] considered the following iterative scaling process.
Let A be a square matrix with positive entries. Scale the rows so that each row
sum is 1. Then scale the columns so that each column sum is 1; generically, this
changes the row sums. To restore the row sums 1, scale the rows again, then scale
the columns, and so on. Sinkhorn showed that the sequence of matrices obtained
through this process converges to a matrix whose row and column sums are 1 (in
other words, a doubly stochastic matrix). We call this matrix the Sinkhorn limit
of A and denote it Sink(A). Sinkhorn also showed that Sink(A) is the unique
doubly stochastic matrix S with the same size as A such that S = RAC for some
diagonal matrices R and C with positive diagonal entries. Here R can be taken to
be the product of the row-scaling matrices and C' the product of the column-scaling
matrices.

The literature on questions related to the iterative scaling process is large; Idel’s
extensive survey [I0] covers results as of 2016. Mathematical applications include
preconditioning linear systems to improve numerical stability, approximating the
permanent of a matrix, and determining whether a graph has a perfect match-
ing. In a number of other areas, iterative scaling was discovered independently
multiple times [I4 [6l 2], and it is used in machine learning to efficiently compute
optimal transport distances [5]. As a result of its ubiquity and importance, many
authors have been interested in fast algorithms for approximating Sinkhorn limits
numerically [9L [T, 12}, [15] 13} 11, 4].
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However, until recently, nothing was known about the exact values of the entries
of Sinkhorn limits. For a 2 x 2 matrix

a b
A=l
with positive entries, Nathanson [16, Theorem 3] showed that

1 Vad be
:\/M[W% @}

In particular, the top left entry = of Sink(A) satisfies
(1) (ad — be)z? — 2adx + ad = 0.

For 3 x 3 matrices, analogous descriptions of the entries of Sink(A) were only
known in special cases. In the case that A is a symmetric 3 X 3 matrix containing
exactly 2 distinct entries, a formula for Sink(A) was obtained by Nathanson [I7].
For a symmetric 3 x 3 matrix, Ekhad and Zeilberger [7] used Grobner bases to
compute, for each entry x of Sink(A), a degree-4 polynomial of which x is a root.

For general 3 x 3 matrices, Chen and Varghese [3] used numeric experiments
to conjecture that the entries of Sink(A) generically have degree 6 over the field
generated by the entries of A.

Sink(A)

Example 1. Applying the iterative scaling process to

3 91
A=1(3 2 9
5 3 4

gives the approximation

0.27667 0.64804 0.07527
Sink(A) ~ [0.25194 0.13113 0.61692
0.47138 0.22081 0.30780

Let = be the top left entry of Sink(A). The PSLQ integer relation algorithm [§]
can be used to recognize an algebraic number, given a sufficiently high-precision
approximation. For the approximation

x ~ 0.2766771162103280503525099931476512576251224460918253185145079454
with target degree 6, PSLQ produces the guess
(2) 3747522° —2203882° —844359x* — 1257962 421089722 + 143462 — 12312 = 0.

This guess remains stable when we increase the precision or the target degree.

In Section [2] we prove the conjecture of Chen and Varghese by carrying out a
Grdébner basis computation to obtain an explicit polynomial equation satisfied by an
entry of Sink(A) for a general 3 x 3 matrix A with positive entries. In particular, we
obtain formulas for the coefficients in Equation . We show that each coefficient
in this polynomial can be written as a linear combination of products of minors
of A (that is, determinants of square submatrices); this substantially reduces the
amount of information required to specify the coefficients.

In Section [3] we use the form of the equation for 3 x 3 matrices to infer the form
of the equation for general n X m matrices A. In particular, we conjecture that
the entries of Sink(A) generically have degree (27?:12). For a general 4 x 4 matrix,
the Grobner basis computation is infeasible, so instead we use PSLQ to recognize
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entries of Sinkhorn limits for enough integer matrices to solve for each coefficient in
the equation. We also obtain several coefficients in the equation for 5 x 5 matrices
with this method.

In Section [ we generalize to non-square matrices by defining the Sinkhorn
limit of an m X n matrix A to be the matrix obtained by iteratively scaling so that
each row sum is 1 and each column sum is 7. Again we use PSLQ and solve for
coefficients in equations for matrices of various sizes. We then interpolate formulas
for these coefficients as functions of m and n. By identifying combinatorial structure
in these formulas, we build up to the following conjecture. Let D(m,n) be the set
of all pairs (R,C) where R C {2,3,...,m}, C C {2,3,...,n}, and |R| = |C|. The
set D(m,n) consists of the specifications of all minors of an m x n matrix A that
do not involve the first row or first column. For each S C D(m,n), let M(S) be
the product of minors of A defined in Section 2 Let adjg ,(g)(m, n) be the | S| x |S]|
matrix defined in Section [} this matrix resembles an adjacency matrix, and its
entries are linear functions of m and n with signs determined by the sign alteration

o(9).

Conjecture 2. Let m > 1 and n > 1. For each S C D(m,n), there exists a sign
alteration o(S) such that, for every m xn matriz A with positive entries, the top left
entry x of Sink(A) satisfies

Z (det adjs »(s) (m,n)) M(S)z!®l = 0.

SCD(m,n)

In particular, x is algebraic over the field generated by the entries of A, with degree

at most (miﬁzz) .

We conclude in Section [5] with several open questions. In particular, we mention
that a more general process of iteratively scaling was introduced in 1937 by Kruithof
in the context of predicting telephone traffic [I4, Appendix 3d]. We conjecture that
the entries of this more general limit also have degree at most (m;:f;z)

Our Mathematica package SINKHORNPOLYNOMIALS [I8] uses the results of this
paper to compute Sinkhorn limits rigorously for 3 x 3 matrices and conjecturally

for 2 x n, 3 x 4,3 x5, and 4 x 4 matrices as well as their transposes.

2. THE SINKHORN LIMIT OF A 3 X 3 MATRIX

We refer to a matrix with positive entries as a positive matriz. In this section,
we determine Sink(A) for a general positive 3 x 3 matrix

ailr a2 ais
(3) A= |a a2 ax|,
a31 asz2 G33

first in Theorem [3]as an explicit function of the entries of A and then in Theorem [G]
in a form that shows more structure. We also introduce notation that will be used
throughout the rest of the paper.

It suffices to describe the top left entry of Sink(A). This is because the iterative
scaling process isn’t sensitive to the order of the rows or the order of the columns.
Therefore, if R is the permutation matrix swapping rows 1 and ¢ and C is the
permutation matrix swapping columns 1 and j, then RSink(A)C = Sink(RAC).
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In particular, the (i, j) entry of Sink(A) is equal to the (1,1) entry of Sink(RAC)).
For example, the (2,3) entry of Sink(A) is equal to the (1, 1) entry of
agz  a22 as1 |
Sink aiz a2 a1
azz G322 031

To compute a polynomial equation satisfied by the top left entry of Sink(A), we

set up three matrices

S11  S12 S13 rn 0 0] ctc 0 O
S = S$91 S22  S23| , R = 0 To 0 , C = 0 Co 0
531 532 833 0 0 73] 0 0 c3

The matrix equation S =

S11 = Triaiicy
S$21 = T'2G21C1

S$31 = T'3a31C1

RAC gives the 9 equations
S12 = I'1a12C2
822 = T2022C2

832 = T'3432C2

S1
52

S3

3 = T10a13C3
3 = T2023C3

3 = 1'3A33C3,

and we obtain 6 equations from the requirement that S is doubly stochastic:
S11+ 821 +831 =1
S12 + 822+ 832 =1

513 + 823 + 833 = 1.

511+ 812 +s13 =1
821 + S22 + 823 =1
831 + 832 +833 =1

We would like to eliminate the 14 variables s12, S13, . . ., 833,71, 72,73, C1, C2, c3 from
this system of 15 polynomial equations, resulting in a single equation in the vari-
ables s11,a11, 012, -..,a33. In principle, this can be done by computing a suitable
Grobner basis. In practice, the runtime is significantly affected by the algorithm
used. Mathematica’s GroebnerBasis function [22] with certain settings?| computes
a single polynomial in a couple seconds, whereas with other settings the computa-
tion does not finish after several hours. The output gives the following result.

Theorem 3. Let A be a positive 3 x 3 matriz. The top left entry x of Sink(A)
satisfies bgxS + -+ + byx + by = 0, where the coefficients by, appear in Table 1| in
factored form.

In particular, the degree of each entry of Sink(A) is at most 6. For the matrix A
in Example [I} Theorem [3[ states that the top left entry = of Sink(A) satisfies

81 (3747522° — 2203882° — 844359z" — 1257962° + 210897z + 143462 — 12312) = 0.

This agrees with Equation . This polynomial is irreducible, and this confirms
the conjecture of Chen and Varghese [3] that the entries of Sink(A) for positive
3 x 3 matrices A generically have degree 6.

Let f(z) = bga®+bsa® + - - - + b1z + by be the polynomial in Theorem Project
A to a symmetric matrix by setting as; = ai12, az1 = ai3, and azs = agz. Then
the projection of f(z) factors as — ((a11a23 — a12a13)® — ar1as3)° g(z), where g(z)
is the degree-4 polynomial computed by Ekhad and Zeilberger [7] for the top left
entry.

An obvious question is whether there is a better way to write the polynomial
f(z) in Theorem [3] In fact there is, using determinants. We first observe that by

2Namely, Method -> "Buchberger", MonomialOrder -> EliminationOrder, Sort -> True.
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bs = (a11a22 — ai1za21) (a11a23 — a13a21) (a11a32 — a12a31) (a11a33 — a13a31)
- (a11a22a33 — a11a23a32 — a12a21a33 + a12a23a31 + @13a21a32 — A13422a31)
5 2 2 5 2 2 4 2
bs = —6ajjapap3a35a33 + 6ay;agyas3a32a33 + 8a1101501 Ag2a93a32a33
5a4 2 2 54 2 2 8ad 2
—5ajjajpa9ya33a35a33 +5a771a15a55093a31a33 — 8a171a12093053031a32033
+ 5at 2 2 ggd 2 + 8at 2
a11@13%21 222332333 a11@13%21 322423332933 a11@13%22%23¢31332833
5a4 2 2 203 a2. a2 2 6a3. a2 2
T 9G110730220230310a33 — 20170720271 033032033 — 0a1107120370a320230310a33
6a3. a2 2 203, a2 2 2 6a3 2 2
+6ajyaiza9;a53a31a30a33 + 2a7 a15a90a53a31a33 — 6a71a15a13a51a35a30a33
6a3 2 2 103 2 2 143 2 2
+6ajja15a13a5 a93a30a33 — 4471812813091 032031433 +4a71a12a13091a53a31a32
_ 6a3 2 2 + 603 2 2 + 263, 62,42 2
411@12013022023031333 4112120713022023031332 a11213921322332033
603 a2 2 6a3. a2 2 283 2. a2 2
— 6ajjajzagyazsagyaggagg + 6ayyajzaz;azsagzagyazy — 2a7; 473052453431 a32
2 3 2 2 2 3 2 2 2 2 3 2
+aj1ai2a31823031a33 — @11a1201a53a31a33 T A11a720130531a32a33
+4a2a2a a2, Gooany a2 — 402, a2 0a 202 Goada) daoa
11212013321 @22031%33 11@12013321023031 232033
+ 402, a2 2 402 a2 2 2 2 2 2 3
4110128013021 322023031933 a11@120713021023031332 — 311012013%2202303]
2 2 3 2 4a2 2 2 402 2 2 2
—aj1812073021032033 T 4471815073051 099031a30a33 — 4471812073051 093031432
+4a2a a? 00,0202 aqs — 4% apa% 500 0000502 a +a2a a,a2,a0q03
11212013021 @22031%33 11212313021 A22023031a32 11@12@13%22023031
2 3 2 2 2 3 2 2 2 2 2 2 2
— a11a73021022031a33 + a71a73021022031033 — 2011472073051 022431033
2 2 2 2 2 3 2 3 2 3 2 2 3
t2aj;a73a73051a93a31a32 — a12073021031 033 T a12a13a31823031
2 3 3 2 2 3 2 3
+ajpajzaz;a31a3y — @13a73021a22a3]
by — (1542 2 _ 504 2 2 _ 1243 2
4 = aqy a11@22023032033 a11@22023032%33 411312921 322023032033
3 2 2 3 2 2 3 2
+10ajjajzaz;1a33a32a33 — 10ajjajza33a93a31a33 + 12a71a13a35a53a31a32a33
1063 2 2 1263 2 1243 2
—10a7 a13a5 a50a30a33 + 12a7;a13a51a92a93a32033 — 12a71a13a52a93031 032033
3 2 2 2 2 2 2 2 2 2
+ 10aj;ay3a53a33a37 a3y + ajjajaay;aggagyazg + 6ajalaag;azyagzag;azs
6a2. a2 2 2 2 2 2 6a2 2 2
— 6ajjajzagaz3agyagpagg — aj 02002023031 a33 T 6aja13a 305 a9a300a53
6a2 2 2 6a2 2 2 6a2 2 2
—6ajjaj5a13a5 a33a30a33 + 6ayya15a13a1a30a31a33 — 6aygajaa13a5;a33a3;1a32
+ 6a2 2 2 _ 6a2 2 2 2 2 2 2
a11012313%22323431933 A11912013022023331332 — 311313031 22032033
+ 602, a%5a0,020a5, A30055 — 602162500, Anna05a5, a5 + a2 a23a20a0502, a
11913921 322031932033 11213921 322%23031332 11913322%23a931 332
9 2 2 2 2 2 2 2 2 2 2 2
— 2aj;0a72a13051agza31a33 + 201707501301 a53a371 a3 + 2017012073051 a23031032
9 2 2 2 302 a2. a2 2 302 a2. a2 2
— 2ayyay5ai3ay 035031 033 — 3a]a73a5apya3 agz + 3aTpa]3a51 ax3a3; agy)
5.2 3 2 2 3 2 2 2 2
bs = 2a7; (—10ajj a3a93a35a53 + 10aT; agya33a35a33 + 4071015001 G92093035053
502 2 2 5q2 2 2 402 2
— 5ajjajaagyaz3agsags +5a71a15a55a93a37a33 — 4a71013093053031 032033
502 2 2 402 2 402 2
+5aj1a13a91a55a30a33 — 4a71a13091 893093030033 +4a7,a13a55093a31a32a33
502 2 2 2 2 4 2 2
T 9@171373022053031a33 — 4110120271 3223230310a33 T 411312021 323031332033
2 2 2 2 2 2 2
= @11a12013031022a32033 + 11012013051 023032033 — 2011012013027022031033
2 2 2 2 2 2 2
t2a17a12013097a53a31a32 — a11812013022023031433 T a11812013022023031032
2 2 2 2 2 2
—a11G73G91a23031a32a33 + @11873021023023031a35 T 12813021 023031a32033
2 2 2 2 2 2
— a1pa13001 099093051 G33 — (1901303103051 032033 + 012073091 Gyyap3a3) ag)
bo = a3 (15a2. a2 2 1502 2 2 9 2
2 = a7y (15aT;a33a53a35a55 — 15a71a990530535035 — 2011015051 G93053035033
5 2 2 5 2 2 9 2
+5aj1a12a91a53a35a33 — 5a11a12852893031a33 + 2a11812892053031 032033
_5 2 2 49 2 _ 9 2
411@13021322%32033 a11313%21A22023%32933 411@13022023%31932333
5 2 2 2 2 2 2 )
t5ay1a13022053031a32 1+ a12a13021022031033 — 12013021 a33331032
b = g 6 2 2 6 2 2 2 2
1 = ajy (—6ayja3a53a55a33 + 6ayyayyar3a3a33 — ajpaz;a33a35a33
2 2 2 2 2 2
+ajpa32a93a31033 + a13a1a52a32a33 — a13a22a23‘131a32)

5
bo = ajjaz2a23a32a33 (a22a33 — a23a32) -

TABLE 1. Coefficients in the polynomial equation satisfied by the
top left entry of the Sinkhorn limit of a positive 3 x 3 matrix.
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contains the factor a3;* for each k € {0,1,...,5}. This suggests that the scaled
polynomial a1y () is more natural than f(x), since the coefficient of z* in a1 f(x)
contains the factor a?l_k not just for k € {0,1,...,5} but for all k € {0,1,...,6}
(where in fact the coefficient of 26 also contains a},).

Now the leading coefficient a11bg of a11 f(z) is the product of 6 minors of A. More
specifically, it is the product of all the minors of A that involve a1;. Furthermore,
the constant coefficient aq1by of ajq f(x) is the product of a$; and the 6 minors of
A that do not involve the first row or first column (including the determinant 1 of
the 0 x 0 matrix).

To rewrite the other coeflicients, we would like to interpolate between these
products for a11b¢ and a11bg. One possibility is that a;1by is a linear combination
of products of minors, where each product consists of

e k minors that involve the first row and first column,

e 6 — k minors that do not involve the first row or first column, and
e a$7F (equivalently, one factor a;; for each of the latter).

We have seen that this is the case for a11bg and a11by9. Remarkably, it turns out
that a11b5, a11b4, ..., a11b1 can be written this way as well. Some notation for these
minors will be useful.

Notation. Define
D(m,n) ={(R,C): RC{2,3,...,m} and C C {2,3,...,n} and |R| = |C|}.

Define Ag ¢ to be the submatrix of A obtained by extracting the rows indexed by
R and the columns indexed by C'. For each (R,C) € D(m,n), define

A (g) = det A1yuR, {1}uC

F(g) = a1 det AR,C-

The minor A(g) involves aq1, and I‘(g) is the product of a1; and a minor that
does not involve the first row or first column. This notation does not reflect the
dependence on A, but the matrix will be clear from context. Each subset S C

D(m,n) specifies a monomial in the expressions A(g) and 1"(2)7 namely

R R
mes)= I o) I (8-
(R,C)ES (R,C)ED(m,n)\S
Each element of D(m,n) contributes to the monomial M(S) as the argument of
either A or I'; indeed we specify each monomial by the elements that appear as
arguments of A. To make a subset S = {(R1,C1), (R2,C2), ..., (R, Ck)} easier to

read, we format it as
Ry Ry - R
S — 1 2 k .
Cy Cy -+ Ch

Example 4. For m = 3 and n = 3, we have D(3,3) = 8 g% g% g% g% gg{

Moreover, from the expressions for bg and by in Table [1} we have

et = A(() A5}) A(G]) () () a() - 20(8 1 6 1) 8 £3)

ento =T (§) 0 () P(8) m(8) T (6) T (E33) = 1)
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Each of these monomials involves A or I' but not both, whereas the monomial

(g ) =a(6) (B r(6) a(B) (6 r(E3)
involves both A and T, for example.

We continue to let A be the general 3 x 3 matrix in Equation , and let x be the
top left entry of Sink(A). To rewrite the coefficients a11by, we look for coefficients
cs € Q, indexed by subsets S C D(3,3), such that

anbk = Z CsM(S)
SCD(3,3)
|S|=k

for each k € {0,1,...,6}. This will give the polynomial equation

Z Z csM(S) | % =o.

k=0 \ sCD(3,3)
IS|=k
The expressions for a;1bg and aq1by in Example E| allow us to choose cp(z3) =1
and cgy = 1. For each k € {1,2,4,5}, one checks that a;1b; can be written uniquely
as a linear combination of the monomials M (S) where |S| = k. This determines cg
for such subsets S. For example,

_ {3 {2} {2} {3} {3} {2,3}
(4) anbr =30 () - m () = () - () - me(3]) + e (£3])
However, the coefficient a11b3 has multiple representations. The family of such
representations is 1-dimensional, due to the relation

0 (2 (3} 0 {2} (2.3} 0} (3) {2.3)
M({} 2 {3}) + M({} {3} {2,3}) + M({} {2} {273})

(2} {2} {3) (2} (3} {2,3) (2} (3} {3)
+ M({z} 3 {2}) + M({2} ) {2’3}) + M({s} {2} {3})

(02 23 0 (2 (3) 0 (3} {2.3)
= M({} {2) {2,3}) + M({} (3) {2}) + M({} () {2,3}>

2} {2} {3 2} {3} {3 2} {3} {2,3
(B 6) + 0 (81 1) 61) + e (61 621 £30).
Therefore the expression for b3 in Table [1| does not uniquely determine the coef-
ficients c¢g where |S| = 3. However, there is additional information we can use
to obtain uniqueness. The polynomial f(x) possesses symmetries arising from the
following invariance properties.

Since the iterative scaling process isn’t sensitive to row order, the top left entry
of Sink(A) is invariant under row permutations of A that fix the first row. Similarly
for column permutations. Additionally, the top left entry of Sink(A) is invariant
under transposition of A; this follows from Sinkhorn’s result that Sink(A) is the
unique doubly stochastic matrix S such that S = RAC for some diagonal matrices
R and C. This suggests the following equivalence relation.

Notation. Let S and T be subsets of D(m,n). We write T = S if the set of
minors specified by T is transformed into the set of minors specified by .S by some
composition of

e row permutations that fix the first row,

e column permutations that fix the first column, and
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e transposition if m = n.
For each S C D(m,n), define the class sum

(8= > MT)

TCD(m,n)

to be the sum of the monomials corresponding to the elements in the equivalence
class of S.

Example 5. Let m = 3 and n = 3, and consider the subset S = ;{:2% of size 1. The

equivalence class of S is
{{2} {2t {38} {3}}
{2} {3} {2}’ {3}

since these 4 specifications of 1 x 1 minors can be obtained from each other by
row and column permutations. This equivalence class is reflected in the linear
combination for a11b1. Namely, the four monomials

M(E). 2r(5) 2 (61). 2 ()

all have the same coefficient —1. In particular, their contribution to a11b; is

(2 = a2 {21} _ {31} _ {3}
2(6) = —v () - v () - v () - v ()

Motivated by Example [5] we add the constraint that ¢y = ¢ when T'= S, so
that the coefficients cg reflect the symmetries of f(x). With this constraint, the
coefficient a11b3 has a unique representation as a linear combination of monomials

M (S) where |S| = 3. Writing each coefficient in Table [I| using class sums gives the
following improvement of Theorem [3} Here di = a11by.

Theorem 6. Let A be a positive 3 x 3 matriz. The top left entry x of Sink(A)
satisfies dgx® + dsx® + dyx? + dsx® + dox® + diz + do = 0, where

(0 (2) 2} (3} (3) (23)
dﬁfz(u{%{w{n{w{zm)

L (0212} 3) (3Y) () {2} (2} 3} (23) (2} {2} {3} (3} {2.3)
ds = 353({} {2} 3} (2} {3}) E({} {2} 13} (2} {2,3}) *‘53({2} 3} 12} (3} {2’3})

(02 (2 (3 0120 03} {281 _ s ({2} {2} {3} {3)
d4_42(ﬂ{ﬂ{ﬂ{ﬂ>+E<H{ﬂ{%{zﬂ) 3E(Q}B}Q}BJ

as=—1x(F B E) o= 8 8 +=({ B &) +=(B 38 -=(F 8D
d = 4n({} ) - 32(§ 53) +=(8 )

-s5() -=(8) +=(E3)
%:EO.

Several class sums do not appear in Theorem [6] namely
E<{} {2} {2} {273}> Z({2} {2} {3} {2,3}> Z({Q} {2} {2,3}) Z({Q} {2}) E<{2} {273})_

{3 {23 {3} {2,3})> T \{2} {3} {2} {2,3} )7 T \{2} {3} {23} )7 T\ {2} {3} )> T\ {2} {2,3}
These class sums get assigned the coefficient 0 when the coefficients dy, ds, do
are written as linear combinations of X(S). In total, there are 24 equivalence
classes of subsets S C D(3,3), so we have compressed the information in Ta-
ble [[] down to a function from the set of these 24 equivalence classes to the set
{-5,-4,-3,-1,0,1,4}.
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For the particular matrix A in Example [, Theorem [6] gives 9106473625 —
535542842° — 205179237z* — 3056842822 + 5124797122 + 34860782 — 2991816 = 0
for the top left entry. This equation can be computed quickly with SINKHORN-
PoryNoMmIALS [18]. Dividing this equation by 243 produces Equation (2).

Some special cases can be obtained from Theorem [f] For example, the following
corollary shows that the degree drops if a minor is 0. (If multiple minors are 0, the
degree can drop further.)

Corollary 7. Let A be a positive 3 x 3 matriz, and let a1y be the (1,1) entry of A.
If one of the 2 x 2 minors involving a11 is 0 and all minors not involving a1, are
not 0, then the top left entry of Sink(A) has degree at most 5.

Proof. The coefficient of 2% in Theorem [6]is

(0 (2) 120 03} (3} 23)) _ s (0 {2} (2} {3} {3) (2.3} _ R
do = 2({} {2} 3} {2} (3} {273}) *M({} {2 (3} {2} {3) {2,3}> IT  a(e

(R,C)eD(3,3)

Since one of the minors involving a7 is 0, this product is 0, so dg = 0. On the
other hand, since all minors not involving a1, are not 0, we have

d=x()=m()= I r(5)+o
(R,C)eD(3,3)
Therefore the polynomial in Theorem [6] is not the 0 polynomial, and its degree in

x is at most 5. |

If a matrix is sufficiently degenerate, then Theorem [f]is vacuously true and does
not immediately give any information about Sink(A). For example, let

45 6
(5) A=1{1 2 3
2 4 6

Here rows 2 and 3 are scalar multiples of each other, so A(gg{) =detA =0

and F(gg{) = ajrdet Agp 3y 12,33 = 0. Since each monomial M (S) contains one

of these two determinants as a factor, we have M(S) = 0 for all S C D(3,3).
Therefore dj, = 0 for each k. However, we can still use Theorem [f] to determine the
entries of Sink(A), as the following result shows.

Corollary 8. Let A be a positive 3 x 3 matriz, and let a;; be the (i,j) entry of
A. If rows 2 and 3 are scalar multiples of each other, then the top left entry x of
Sink(A) satisfies e3x> + esx? + e1z + eg = 0, where

e3 = ai1(a11a22 — a12a21)(a11a23 — a13a21)
€2 = a11(&11a12021(123 + aj1a13az1a22 — 3a%10226123 + a12a13a§1)
€1 = 3a§’1a22a23
€y = —a?laggagg.
In particular, x is independent of row 3.

The analogous result holds if columns 2 and 3 are scalar multiples of each other.
For the matrix in Equation , Corollary [§] gives 24 (32 — 2522 + 482 — 16) = 0.
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Proof of Corollary[§ The idea is to carefully factor out the minors that are 0. First
we describe how to obtain the polynomial esz® +esx2 461+ €, and then we justify
it.

Begin with a general 3 x 3 matrix A with symbolic entries; in particular, there
are no algebraic relations between the entries. Let r, s be symbols; eventually we
will set  to be the scalar factor % Apply Theorem [6|to A to obtain a polynomial
equation satisfied by the top left entry of Sink(A). Then replace each instance of
det A in this polynomial with sdet A9 3} f2,33. By the definition of M(S), each
monomial now contains det Az 3y (2,3} as factor; divide by this factor. Finally,
replace ag ; with rag ; for each j € {1,2,3}. The resulting polynomial factors as a
product two cubic polynomials in z. One of these cubic factors is independent of r
and s; this is the polynomial e3z® + eaz? + e12 + €.

To justify the construction, let A now be the matrix in the statement of the
corollary, let r = % be the scalar factor, and fix a real number s # 0. We
approximate A by matrices with no 0 minors. Namely, let B(¢) be a continuous
(3 x 3 matrix)-valued function such that lim;_,o+ B(t) = A and, for all ¢ > 0, no

minor of B(t) is 0. Further, we assume for all ¢ > 0 that % =s. Apply

Theorem@to B(t) wheret > 0. Since det B(t) = sdet B(t)2,3},{2,3} by assumption,
the polynomial given by Theorem |§| is of the form (det B(t){2,3},12,31)9(t, x). The
entries of Sink(B(t)) are continuous functions of the entries of B(t), and the roots of
a polynomial are continuous functions of its coefficients, so g(x) := lim;_,o+ g(¢, x)
is a polynomial for the top left entry of Sink(A). Moreover, since only one of the
two cubic factors of g(z) is independent of s, the top left entry of Sink(A) is a root
of that cubic factor. O

3. SQUARE MATRICES AND SOLVING FOR COEFFICIENTS

In this section, we use Theorem |G to infer the form of an equation satisfied by the
top left entry of the Sinkhorn limit of a positive n x n matrix. We then interpolate
the coefficients in the equation for 4 x 4 matrices to obtain Conjecture

For a positive 2x2 matrix A, the top left entry x of Sink(A) satisfies Equation ,
namely (a11a22 — a12a91) 2 — 2a11a90 T + a11as0 = 0. Multiplying by ay1, this can
be written using A and I' as

(6) A(H) A(g{) 2? — 2A(H> r(%) z+ r(g) F(%) —0
or, equivalently,
g M@)o - 2u1() 2+ () =0

Along with Theorem @, this suggests that, for an n x n matrix, the coefficient of z*
is a Z-linear combination of the monomials M (S) where |S| = k. In particular, we

expect the degree of the equation to be |D(n,n)| = Z;é (”;1)2 = (2:__12), so that
generically the entries of Sink(A) for a 4 X 4 matrix have degree (g) = 20 and for a
5 x 5 matrix have degree (i) = 70. We generalize the notation for the coefficients

cs from the previous section to c¢g(n) for an n x n matrix, where ¢g(3) := cg.

Conjecture 9. Let n > 1. There exist integers cs(n), indezed by subsets S C
D(n,n), such that, for every positive n x n matriz A, the top left entry x of Sink(A)
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satisfies

()
(8) Z Z cs(n)M(S) | z* =0

k=0 SCD(n,n)

or, equivalently,

Z cs(n)M(8)z!¥l = 0.

SCD(n,n)

This conjecture predicts that, since both A(g) and F(g) are homogeneous

degree-(|R|+1) polynomials in the entries of A, each monomial M (S) (and therefore
also the coefficient of each z* in Equation ) is a homogeneous polynomial with
degree

n—1 2
n—1 n+1/2n—2
R|+1)= i+ 1) = .
> aren=3 (") ern=" (000
(R,C)eD(n,n) i=0
Forn =1,2,3,..., this degree is 1,3, 12, 50, 210, 882, 3696, 15444, . . . [21],/A092443).
We mention two surprising properties of the polynomial in Theorem [6] that we
expect to generalize to the polynomial in Conjecture [0] The first is a symmetry.
Each coefficient dj, in Theorem [6] can be obtained from dg_, by replacing
R 2,31\ R R {2,31\R
A(E)~T(BENE) and T(E) - a(BINE).
The second is that, for each k, the sum of the coefficients cg(3) for |S| = k is a
signed binomial coefficient, namely

> es@)all = (@ - 1)°.

SCD(3,3)

Analogous statements also hold for the quadratic polynomial in Equation @; each
coefficient dj, is related to do_j by a symmetry, and

> es(@al = (@ - 1)%

SCD(2,2)

We do not have explanations for either of these properties.

It remains to determine the coefficients cg(n). They are not uniquely determined
by the conditions in Conjecture [J] since we can scale the polynomial. To remove
this source of non-uniqueness, we define c(y(n) = 1 for all n > 1. Based on the
polynomials for n = 2 and n = 3, we conjecture that cp(, n)(n) =1 for all n > 2.
For n = 3 we determined the coefficients cg(3) from the output of a Grébner basis
computation, but for n > 4 this computation seems to be infeasible. For a general
4 x 4 matrix, we aborted the computation after 1 week.

Instead, we generate many pseudorandom n X n matrices A, identify the top left
entry of Sink(A) as an algebraic number for each, and set up systems of linear
equations in cg(n). We describe these three steps next.

For the first step, we generate matrices with entries from {1,2,...,20}. Since
the entries are integers, each M(.S) is also an integer; this will be important in the
third step. For each matrix, we check that none of its minors are 0, since a 0 minor
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implies M (S) = 0 for several S, removing the dependence on the corresponding
coefficients cg(n). If any minors are 0, we discard that matrix.

In the second step, for each matrix A generated in the first step, we determine
a polynomial equation satisfied by the top left entry z of Sink(A). There are two
possible methods. One method is to use Grobner bases; this is faster than the
Grobner basis computation for a matrix with symbolic entries, but for n > 5 it is
still slow. Therefore we use another method, which is to apply the iterative scaling
process to obtain a numeric approximation to Sink(A) and then guess a polynomial
for its top left entry. We begin by numericizing the integer entries of A to high
precision. For n = 4 we use precision 2'2, and for n = 5 we use precision 2'°. Then
we iteratively scale until we reach a fixed point. The precision of the entries drops
during the scaling process, but with the initial precisions 2'2 and 2° we get entries
with sufficiently high precision that we can reliably recognize them using PSLQ. The
expected degree of the polynomial is d = (2::12) according to Conjecture@ Building
in redundancy, we use Mathematica’s RootApproximant [23] to approximate x by
an algebraic number with target degree d+2. When the output has degree d, which
is almost always the case, this is strong evidence that the approximation is in fact
the exact algebraic number we seek. Occasionally the output has degree less than
d, in which case we discard the matrix; for example, one 4 x 4 matrix produced a
polynomial with degree 8 rather than 20, presumably because the general degree-20
polynomial, when evaluated at the entries of the matrix, is reducible. Finally, we
perform a check on the output by computing the ratio of its leading coefficient to

its constant coefficient. This ratio should be %, assuming Conjecture 9| is

correct and cD(nyn)(n) = 1. All outputs passed this test. We record the matrix A
along with the polynomial equation satisfied by x, and this will give us 1 equation
in the third step. (In fact we can get n? equations by applying PSLQ to each entry
of the numeric approximation to Sink(A) and recording each polynomial along with
the matrix obtained by swapping the appropriate rows and columns of A. Forn =5
this is worthwhile, since our implementation of the iterative scaling process takes
roughly 3 minutes to reach a fixed point.)

The third step is to determine the coefficients cs(n) in the coefficient of x* in
Conjecture [9] For a given k, we do this by solving a system of linear equations
involving the coefficients cg(n) where |S| = k. We assume c¢p(n) = cg(n) if T =S,
so it suffices to determine cg(n) for one representative S of each equivalence class,
analogous to Theorem [6] This reduces the number of unknown coefficients, which
reduces the number of equations we need, which reduces the number of matrices
A we apply the iterative scaling process to in the second step above. However,
first we must partition {S C D(n,n) : |S| = k} into its equivalence classes under
=. Some care must be taken to do this efficiently; we make use of the fact that
row permutations commute with column permutations, so it suffices to apply row
permutations first. Once we have computed the equivalence classes, we take each
polynomial computed in the second step above, scale it by an integer so that its
leading coefficient is M (D(n,n)) (and therefore its constant coefficient is M ({})),
extract the coefficient of z*, and set this coefficient equal to Y4 cs(n)2(S) where
the sum is over one representative from each equivalence class of size-k subsets. The
number of equivalence classes tells us how many such equations we need in order to
solve for the unknown coefficients cg(n). We include more equations than necessary
in the system, building in redundancy, so that if a solution is found then we can
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be confident that the conjectured form is correct. Then we solve the system. In
practice, even setting up the system can be computationally expensive. For n =5
and k = 4, our initial implementation took 6 days to set up the system (before
solving!) because there are 1518 unknown coefficients cg(n), so we need at least
that many equations, and each equation involves (740) = 916895 monomials, each
of which is a product of 70 determinants. For small k, a more efficient way to
construct each equation is to take advantage of the fact that, for each pair S, T of
subsets of D(5,5), the products M (S) and M(T) have most factors in common,
and almost all are I' factors. Therefore, we form an equivalent but substantially

simpler equation by dividing both sides by M({}) = [[(r,cyep(s,5) F(g). On the
left, we compute M ({}) once and divide the extracted coefficient of 2* by M({}).
On the right, we divide each M (S) by M ({}). Instead of computing M (S)/M({})
from definitions, we precompute the ratio A(g) /T (g) for each (R,C) € D(5,5);
then, for each S with |S| = k, we use the precomputed ratios to compute

M({) (Rges F(?) .

Here we're using the fact that no minor is 0 to divide by F(g). This method is

also used by SINKHORNPOLYNOMIALS to compute polynomials more quickly when
no minor is 0.

We now carry out these three steps for n = 4 to obtain a polynomial for the
top left entry z of Sink(A) for 4 x 4 matrices A. This polynomial is analogous to
the polynomial in Theorem [6] for 3 x 3 matrices. The number of equivalence classes
of size-k subsets of D(4,4) for k =0,1,...,20 is

1,4,12,40, 123, 324, 724, 1352, 2108, 2760, 3024, 2760, . . ., 4, 1.

The number of unknown coefficients cg(4) is the sum of these numbers, which
is 17920. We use the definition c(3(4) = 1 and the conjecture cp44y(4) = 1,
and we solve the remaining 19 systems of linear equations, the largest of which
requires 3024 equations. Unfortunately, for each k € {4,5,...,16} the system has
multiple solutions. For example, when we solve the system for k = 4, only 104
of the 123 unknown coefficients cg(4) with |S| = 4 are uniquely determined; the
other 19 are parameterized by 2 free variables. For k = 10, the solution space
has dimension 1141. This is not a weakness of the interpolation strategy but rather
implies that the coefficients of z*, 2°, . .., #'® have multiple representations as linear
combinations of class sums X(.5) and therefore that relations exist among these class
sums. However, by setting the free variables to 0 (or any other values), we obtain
variable-free coefficients cg(4).
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Conjecture 10. The 17920 coefficients
CD(4,4)(4) =1

C{}(4) = —4
{}

0{2}(4) = -2
{2}
0{273}(4) =0
{2,3}

c {2,3,4}(4) =2
{2,3,4}

determine a polynomial equation satisfied by the top left entry x of the Sinkhorn
limit of a 4 x 4 matriz, namely
20

> (Z 05(4)2(S)> 2* =0
S

k=0
where the inner sum is over one representative S from each equivalence class of

size-k subsets of D(4,4).
The full list of coefficients is included in SINKHORNPOLYNOMIALS [18].

Example 11. Consider the matrix

N =N

A:

== N W
BN N =
W NN

3
and let = be the top left entry of Sink(A). Conjecture [10| gives

382625520076800z° — 15753370260418560 " + 224644720812019200"°
— 1949693785825830912z"' " + 116256838201633059842'° — 50547801347982259200z"°
+ 165827284134596798976x 4 — 4193420051658885580802 " + 828111699533723747328 "2
—12842201907889927557122" ' +15589330505812560015362 '° —14564581942432440084484°
+ 9997101595348231219202° — 435645828109071673344x" + 310601414230207948802°
+ 1228531183320609054722° — 110123924197151416320z" + 536120687067012956162°
— 163833411823815720962> 4 2975198930601246720x — 246790694704250880 = 0.

The values of the coefficients c¢g(4) in Conjecture[10]are not all canonical, since we
don’t have natural conditions under which they are uniquely determined. However,
we continue under the assumption that there is a unique natural function cg(n)
and seek to identify it.

In principle, we can use the same method to interpolate a polynomial equation
for n x n matrices for any given n. However, the computation is formidable. For
5 X 5 matrices, we were able to compute the coefficients for k = 4 and k = 5 (where
the families of representations are respectively 8-dimensional and 44-dimensional),
but for k£ = 6 we could not get the computation of equivalence classes to finish
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(aborting after 2 weeks). Completing the computation up to the halfway point
k= %(i) = 35, after which we could use the conjectural symmetry, seems to be
infeasible.

For 6 x 6 matrices, PSLQ must recognize algebraic numbers with degree (150) =
252. We couldn’t get any of these computations to finish with sufficiently high

precision.

4. RECTANGULAR MATRICES AND COMBINATORIAL STRUCTURE

The coefficients cg(n) for n € {2,3,4,5} that we have computed so far are not
enough to guess the general formula for cg(n). In this section, we expand the scope
to include matrices that are not necessarily square. This allows us to compute
enough coefficients to identify formulas in special cases. These formulas reveal the
relevant combinatorial structure on subsets .S, and this allows us to piece together all
but one detail of the general formula for the coefficients, resulting in Conjecture 2]

Doubly stochastic matrices are necessarily square. This is because, in every
matrix, the sum of the row sums is equal to the sum of the column sums. Therefore
we must generalize how we scale.

Definition. Let A be a positive m x n matrix. The Sinkhorn limit of A is the
matrix obtained by iteratively scaling so that each row sum is 1 and each column
sum is 2. Its existence was established (in a more general form) by Sinkhorn in a
1967 paper [20].

Conjecture [J] generalizes to m x n matrices as follows. We extend the coefficients
cs(n) in the previous section to coefficients cg(m,n), where cg(n,n) = cg(n). For
each m and n, we scale the coefficients so that c(y(m,n) = 1. We have |D(m,n)| =

min(m,n)—1 -1 -1\ _ +n—2

P () = ()

Conjecture 12. Let m > 1 and n > 1. There exist rational numbers cg(m,n),
indezed by subsets S C D(m,n), such that, for every positive m x n matriz A, the
top left entry x of Sink(A) satisfies

Z cs(m,n)M(S)z!®l = 0.
SCD(m,n)

m+n72) )

In particular, x has degree at most ( 1

To interpolate values of cg(m,n), we use the method described in Section
Overall, we used 1.5 years of CPU time to iteratively scale matrices of various sizes
and recognize 102000 algebraic numbers. An additional month of CPU time was
spent setting up and solving systems of linear equations in the coefficients cg(m, n),
which resulted in the identification of 63000 rational coefficients (and an additional
56000 coefficients parameterized by free variables).

Rather than fixing m and n and varying S as in previous sections, we change our
perspective now by fixing S and working to identify cg(m,n) as a function of m
and n. Accordingly, we define cg(m,n) to be 0 if S ¢ D(m,n) (that is, S contains
row or column indices that are larger than an m X n matrix supports). We begin
with subsets S where |S| = 1.

Example 13. Let S = H Equation implies ¢g(2,2) = -2, Theorem@implies
cs(3,3) = —3, and Conjecture [10] implies c¢g(4,4) = —4. The values of cg(m,n) we
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computed for several additional matrix sizes appear in the following table.
ln=1 2 3 4

m=1 -1 -2 -3 -4
2 -1 -2 -3 -4
3 -1 -2 -3 -4
4 -1 -2 -3 —4
This suggests the formula cg(m,n) = —n.

There is an asymmetry in our definition of Sink(A) for non-square matrices, since
Sink(A) has row sums 1 and column sums . However, we expect some symmetry
in the coefficients cg(m,n) since m Sink(AT) = nSink(A)T. We can obtain this
symmetry by considering % Sink(A), which has row sums % and column sums %
The form of the polynomial for the top left entry y of - Sink(A) can be obtained
from Conjecture [12 by substituting @ = my. Therefore, the coefficients cg(m,n)
should satisfy m!®lcg(m,n) = nl¥lcgr(n,m), where ST is defined by

Ry Rz -+ Ry T _ C1 Ca - Cg
Cl C2 Ck - R] R2 Rk :

Example 14. As in the previous example, let S = H Since ST = S, we have

meg(m,n) = ncg(n,m). In other words, mcg(m,n) is a symmetric function of m
and n. Indeed, the table of values suggests mcg(m,n) = —mn.

The coefficients for other size-1 subsets S also seem to be simple polynomial
functions of m and n.

Example 15. For S = g]}’, the data suggests mcs(m,n) = m +n —mn (for all

m > 2 and n > 2). For S = g{, the data suggests the same formula mcg(m,n) =

m + n — mn); indeed this is expected, since g% = gi . Since each subset g with
|R| = i is equivalent to S = gggﬁ, it suffices to consider the latter. For
S = gg%, the data suggests mcs(m,n) = 2m + 2n — mn. For S = ggﬁ, it

suggests mcg(m,n) = 3m + 3n — mn.

These formulas lead to the following.

R

Conjecture 16. Let m > 1 and n > 1, and let S = p

mecg(m,n) = |R|(m +n) — mn.

C D(m,n). Then

Next we consider subsets S where |S| = 2.

Example 17. Let S = H g% . Several values of m?cg(m,n) appear in the following
table.
ln=2 3 4 5
4 12 24 40
12 36 72 120
24 72 144 240
40 120 240 400

This suggests that m2cg(m,n) = (m —mn)(n — mn).

Tt W N

Example 18. Let S = g}% g{ . The two minor specifications in .S involve the same
row but different columns. Therefore there is no subset 1" in the equivalence class
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of S such that 77 = T, so we do not expect m2cg(m,n) to be a symmetric function
of m and n. Here are several of its values (where the bottom right entry is not
included because we have no data for 6 x 6 matrices):

ln=3 4 5 6
-3 0 5 12
0 16 40 72
9 48 105 180
24 96 200 336
45 160 325

SO W N

This suggests that m2cg(m,n) = (n — mn)(2m +n —mn).

By interpolating polynomial formulas for additional subsets .S, one conjectures
that the scaled coefficient m!%lcg(m,n) is a polynomial function of m and n with
degree |S| in each variable. Moreover, there seem to be two basic relationships be-
tween minor specifications in S that play a central role in the form of the polynomial
function. These are illustrated by the previous two examples.

Definition. We say that two minor specifications (Ry, C1), (Rg, C2) € D(m,n) are
linked if either of the following conditions holds.

(1) Their sizes differ by 1, and the smaller is a subset of the larger. That is,
e Ry =Ry \{i} and C; = Cy \ {j} for some i € Ry and j € Cy, or
e Ry =R\ {i} and Cy = C; \ {j} for some i € Ry and j € C4.
In this case, we say that they form a type-1 link.
(2) Their sizes are the same, and they differ in exactly 1 row index or 1 column
index. That is,
e Ry =Ry and Cy \{i} = C3\ {j} for some i € C; and j € C5 such that

i #j, or
e C; =Cy and Ry \ {i} = Ro \ {j} for some ¢ € Ry and j € Ry such
that i #£ j.

In this case, we say that they form a type-2 link.

The minor specifications ({},{}) and ({2}, {2}) in Example [17| form a type-1
link, and the minor specifications ({2}, {2}) and ({2}, {3}) in Example [18| form a
type-2 link.

Example 19. Let S = g% gi{ The two minor specifications ({2},{2}) and
({2,3},{2,3}) form a type-1 link. The values of m?cg(m,n) suggest m?cs(m,n) =
(m+ 2n — mn)(2m + n — mn).

Example 20. Let S = gg{ gg, which consists of a type-2 link. The data

suggests m2cg(m,n) = (2m +n —mn)(2m + 3n — mn).

Example 21. Let S = g% g’g’ﬂ, whose two elements are not linked. The data

suggests m2cg(m,n) = (m +n —mn)(3m + 3n — mn).

These examples, along with others, suggest general formulas for size-2 subsets.

Conjecture 22. Let m >1 andn > 1, and let S = gi gi C D(m,n).

e If(Ry,C1) and (Rg,Cs) form a type-1 link with |Ri| 4+ 1 = |Rz|, then
m2es(m,n) = (|Ri|(m +n) +n —mn) (|R|(m + n) + m — mn).
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e If (Ry,Ch) and (Rg,Cs) form a type-2 link with Ry = R, then
m2es(m,n) = (|Ra|(m +n) —m — mn) (|Rs| (m + 1) + m — mn).
e If (R1,C1) and (Ra,C2) form a type-2 link with C, = Cy, then
m?cs(m,n) = (|Ri|(m +n) —n —mn) (|Ri|(m +n) +n —mn).
o If(Ry,C1) and (Rg,Cs) are not linked, then
mes(m,n) = (|Rsl(m +n) — mn) (|Ra|(m + n) = mn).

Conjecturesand imply that, if | S| < 2, then the polynomial m/!®lcg(m, n) is
a product of factors that are linear in m and linear in n. When we consider subsets
S with |S| > 3, we find additional polynomials with this property. In particular,
when S has no linked pairs, there seems to be a simple description of m!Sleg (m,n)
as follows.

Conjecture 23. Let m > 1 andn > 1, and let S = gi gi g: C D(m,n). If S
contains no linked pairs, then

k
mFeg(m,n) H |R;|(m + n) —mn).
i=1

This conjecture suggests more generally that the structure of the polynomial
mFeg(m,n) is determined by the connected components of linked pairs in S and,
moreover, that the contributions of the components are independent of each other.
This is the content of Conjecture [25) below. We make this precise by defining the
following graph.

Notation. For each S C D(m,n), let Gg be the graph whose vertex set is S and
whose edges connect pairs of linked vertices.

Example 24. Let S = H g% gﬁ gﬁ The first two elements of S form a type-1
link, and the last two form a type-2 link. These are the only links, so Gg is the
graph on 4 vertices with two non—adjacent edges. The two connected components
are equivalent to the subsets in Examples [I7] and 20] respectively. The values we

computed of m*cg(m,n) are as follows.

| n=4 5 6 7
m=4]-2304 —5040 —7200 —6552
5| —2880 0
6 0
7| 10080

This is consistent with m*cg(m,n) = (m —mn)(n —mn)(2m+n —mn)(2m + 3n —
mn), which is the product of the formulas in Examples |17 and

Conjecture 25. Let m > 1 and n > 1. For every S C D(m,n),

m‘ csmn Hm chn

where the product is over the connected components T of S. Moreover, since |S| =
> r|T|, this implies cs(m,n) = [ cr(m,n).
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Conjecture [25] is supported by all the rational coefficients we computed. Assum-
ing it is true, it suffices to determine m!® |cs(m,n) for subsets S consisting of a
single connected component.

When a connected component consists of more than one linked pair, the corre-
sponding polynomial is not necessarily a product of linear factors.

Example 26. Let S = g}}, g{ gg% The minor specifications ({2}, {2}) and

({3},{3}) are not linked, but each of the other two pairs is. Therefore Gg con-

sists of a single connected component. Here are several values of m3cs(m,n):
|n=3 4 5 6

=3 —27 —-70  —161 —324

4 —70 —256 —682 —1456

5

6

m

—161  —682 —1875 —4028
—324 —1456 —4028

Without the value for 6 x 6 matrices, we cannot interpolate a cubic polynomial
in m and n. However, by interpolating cubic polynomials in n for the first three
rows, we see that m 4+ n — mn is likely a factor. Dividing each value in the table
by this factor, we then interpolate a quadratic polynomial to obtain m3cg(m,n) =
(m +n —mn) (2m? 4 2n? + 6mn — 3m>n — 3mn? + m?n?). This quadratic factor
is irreducible.

An obvious question is whether there is a better way to write such polynomials,
so that we can see the general structure. In fact there is, using determinants. Since
the determinant of a block diagonal matrix is the product of the determinants of
the blocks, determinant formulas are good candidates for functions that decom-
pose as products over connected components. In this direction, we next rewrite
Conjecture [22] using determinant formulas; these are likely more natural than the
factorizations in Conjecture

Conjecture 27. Let m > 1 andn > 1, and let S = R Rz D(m,n).

Cy Co
e If(Ry,C1) and (Ra,Cs) form a type-1 link with |Ri| 4+ 1 = |Rz|, then
9 B [|R1|(m +n) —mn m 1
m-cg(m,n) = det _ h |Rol(m + 1) — mn|°
e If (Ry,Ch) and (Rg,Cs) form a type-2 link with Ry = Ra, then
2 B [|R1|(m +n) —mn -m 1
m-cg(m,n) = det _ m |Rol(m +n) — mn|°
e If(Ry,C1) and (Ra,Cs) form a type-2 link with C; = Cs, then
2 B [|R1|(m +n) —mn -n ]
m-cg(m,n) = det _ h |Rol(m +n) — mn|°
e If(Ry,C1) and (Rg,Cs) are not linked, then
9 B [|R1|(m +n) —mn 0 |
m-cg(m,n) = det 0 |Ral(m + 1) — mn|°

For size-1 subsets S = g C D(m,n), we can rewrite Conjecture |16|as the 1 x 1

determinant mcg(m,n) = det [|[R|(m +n) —mn|. For the size-0 subset S = {},
the definition cgy(m,n) = 1 is consistent with cgy(m,n) being the determinant of
the 0 x 0 matrix.
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Along with Conjecture [25] this suggests a determinant formula for m!Slcg(m,n)
for an arbitrary subset S. Since the matrix in this determinant formula resembles
an adjacency matrix, we introduce the following notation.

Notation. For each § = Ig;i Ig,z gz, define adjg(m,n) to be the k x k matrix

with the property that, for all i, j satisfying 1 < i < j < k, the 2 x 2 submatrix
(adjg(m,n))(,51.45,53 is the matrix in Conjecture [27| for (R;,C;) and (R;,Cj). In
particular, the ith diagonal entry of adjg(m,n) is |R;|(m 4+ n) — mn, and the off-
diagonal entries are elements of {—m, —n,0,m}.

Example 28. As in Example let S = g% g% gg% We have

m-4+n—mn 0 m
adjg(m,n) = 0 m+n—mn m
-n -n 2m+ 2n — mn

Indeed, det adjg(m,n) is equivalent to the formula in Example [26| for m3cg(m,n).
Unfortunately, this construction doesn’t always work.

Example 29. Let S = gg{ gﬁ gg{ Each pair of elements in S forms a type-2

link, and the common column is the same for all three links. We have

2m + 2n — mn -m —-m
adjg(m,n) = -m 2m + 2n —mn -m
-m -m 2m + 2n — mn

The formula det adjg(m, n) does not produce the following values we computed for
m3cs(m,n).

ln=5 6 7 8 9 10 11
=3 28 54 80 100 108 98 64
4 216 256 200 0
5
6

m

500 338
784

However, if we alter the signs of the off-diagonal terms, we can get a determinant
formula that produces these values, namely

2m + 2n — mn m m
m3cs(m,n) = det m 2m 4+ 2n —mn m
m m 2m + 2n — mn

We conjecture below that the signs of the off-diagonal terms in adjg(m,n) can
always be altered in such a way, independent of m and n, that its determinant
gives the value of m!Slcg(m,n). Exactly how to alter them is the detail we have
not been able to determine. This alteration is not unique, since if we pick a set
V C{1,2,...,k} of indices and negate the rows and columns indexed by V then
the determinant does not change. An equivalence class of correct sign alterations
is generated in this way, all of which lead to the value of m‘s|cs(m,n). This
equivalence class seems to depend only on the link structure of S and not on the
sizes of its elements.

Example 30. Let S = ggﬁ ggg ggg% The elements of S are related to each
other in the same way as in the previous example; each pair forms a type-2 link,
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and the common columns are the same for all three links. Using the same signs as
in the previous example, the determinant formula

3m+3n —mn m m
m3cs(m,n) = det m 3m +3n —mn m
m m 3m + 3n — mn

agrees with the 4 values we computed. These same signs also work for S =
{2} {2} {2}

(2} {3} {4}’ which also has the same link structure.

Our most general result is therefore Conjecture [2] which appears in Section
and which we restate below with more information. We introduce one last bit
of notation to enable sign alterations. We also take the opportunity to scale the
entries of adjg(m,n) by --; this allows us to dispense with the factor m!S! that
would otherwise appear in the summand in Conjecture 2]

Notation. Let S C D(m,n), and let k = |S]. Let o: {1,2,...,k}? — {—1,1}.
Define adjg ,(m, n) to be the k x k matrix whose (i, ) entry is --o((i,)) times the
(4,7) entry of adjg(m,n).

Conjecture Let m > 1 and n > 1. For each S C D(m,n), there exists a
function o(S): {1,2,...,|S|}? = {-1,1} with o(S)((i,i)) = 1 for all i such that,
for every positive m x n matriz A, the top left entry x of Sink(A) satisfies

3 (det adjs o(s) (m,n)) M(S)z!S! = 0.

SCD(m,n)

Moreover, the sign alterations o(S) can be chosen so that they

o satisfy o(T) = o(S) for all T =S,
e are independent of m and n, and
e depend only on the link structure of S and not on the sizes of its elements.

We conclude this section by identifying the correct sign alterations for 2 x n
matrices for general n, leading to an explicit formula for the equation satisfied by
x. For each exponent k, there are at most 2 equivalence classes of subsets — an
equivalence class containing subsets S such that ({},{}) € S and another containing
the rest. We consider them separately.

- — {2y {2}
Example 31. Let m =2 and S = 0 {2} (3} - {k}- Then

—2n 2 2 2

-n 2-n =2 -2
adjg(2,n) = | 7 -2 2-n -2

-n —2 —2 2—n

If k € {1,2}, then 2!5lcg(2,n) = det adjg(2,n), so these signs are correct. If k > 3,
they are not, but negating each —2 entry (that is, the off-diagonal entries that aren’t
in the first row or first column) gives a matrix whose determinant is 2/5lcg(2,n).
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— — {23 {2 {2} {2
Example 32. Let m =2 and T = (2} {3} {4} - {ki1} Then

2—n —2 —2
—2 2—-n .- —2
adjT(Qan) -

2 2 ... 2-n
If k£ € {0,1,2}, then these signs are correct. If k > 3, then (again) negating the

off-diagonal entries that aren’t in the first row or first column gives a matrix whose
determinant is 2/5lcp (2, n).

The determinants of the two previous sign-corrected matrices evaluate as follows.

. 2} {2} - {2

Conjecture 33. Letn > 1. Let Sy = H EQ]}' %3% T‘Ek]}: foreachk € {1,...,n—1,n},
let Ty, = g% g& ﬁ{ {lji}l} for each k € {0,1,...,n—1}, and define the associated
coefficients by
(—n)F 12k —2n—-2) if1<k<n

2%cs (2.n) =
CSk( 7”) {0 ka‘:O

2*er (2,n) = {é—”)’”(% —n) ZZ i Z.g n—1

(We have defined cs,(2,n) = 0 and cr, (2,n) = 0 despite Sy and T, being undefined;
this allows us to write the following sum simply.) For every positive 2 X n matriz A,
the top left entry x of Sink(A) satisfies
(s, (2,n)2(Sk) + o, (2,n)5(Tx)) 2" = 0.
k=0
Grobner basis computations are feasible for 2 x n matrices and establish that
the previous conjecture is true for n < 12.

5. OPEN QUESTIONS

The main open question is to identify the equivalence class of correct sign al-
terations o(S) in Conjecture [2f for each S, ideally in the form of a canonical rep-
resentative. Since adjg(m,n) resembles an adjacency matrix, it seems likely that
det adj SJ(S)(m,n) has a combinatorial interpretation, and this may suggest the
correct signs. A natural candidate is a signed graph, which is a graph along with a
function assigning —1 or 1 to each edge. The switching class of a signed graph is the
set of all signed graphs that can be obtained by choosing a subset V' of its vertices
and negating the signs of all edges incident to a vertex in V' (with multiplicity if
an edge is incident to multiple vertices in V') [24]. The equivalence class of correct
sign alterations for S corresponds to a switching class on the graph Gg defined in
Section [l We haven’t been able to use this to identify the correct signs, however.

Second, how can we prove Conjecture 2]’ In the absence of a combinatorial proof,
one could interpolate polynomial equations representing the entries of diagonal
matrices R and C, as we did for the entries of Sink(A), and hope to prove that all
three matrices are correct by checking that they satisfy Sink(A) = RAC. This is
how Nathanson established the Sinkhorn limit of a 2 x 2 matrix [I6l Theorem 3].
However, this works for 2 x 2 matrices because we have explicit expressions for
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the entries of Sink(A), rather than specifications as roots. For 3 x 3 matrices, the
diagonal entries of R and C are roots of degree-6 polynomials, and generically the
product of two such roots has degree 6%; this is too big, since the entries of Sink(A)
have degree 6. Therefore we would need to find a single degree-6 field extension
that contains all entries of Sink(A), R, and C so that we can perform arithmetic
on them symbolically. What is this extension?

Third, as we saw in Section[2] the lack of a unique representation of the coefficient
of 23 for 3 x 3 matrices is due to a relation among 12 monomials M (S) with |S| = 3.
What is the combinatorial structure of such relations? Similarly, is there structure
in relations among 3(S)? For example, the coefficient of 2% for 3 x 4 matrices has
a 1-dimensional family of representations due to the relation

2({} {2} {2} {3} {2,3}) + E({} {2} {2} {2,3} {273}) + E({Q} {2} {3} {3} {273})
{3 {2} {3} {4} {2,4} {3 {2} {3} {2,3} {2,4} {2} {3} {2} {4} {2,3}

0 2} (3} (2.3) {2.3) (2} (2} {2} (3} (2.3} (2} 12} (3} (2.3} (2.3}
+22 ({} {2} {3} {24} {3,4}) + 22({2} {3} {1} {2} {3,4}) +22 ({2} {3} {4} {24} {&4})

_ 2({} {2} {3} (2,3} {2,3}) n 2({2} {2} {2} {3} {2,3}) n 2({2} {2} {3} {2,3} {2,3})
{ {2} (3} {23} {24} {2} (3} {4} {2} {23} {2} {3} {4} {23} {24}

{3 {2} {2} {3} {2,3} {} {2} {2} {2,3} {2,3} {2} {2} {3} {3} {2,3}
+ 22({} {2} {3} {4} {273}) + 22({} {2} {3} {24} {3,4}) +2% ({2} {3} {2} {4} {&4}) :
It would be interesting to understand these better.
Fourth, how does Corollary [8| generalize to m x n matrices with linear dependen-
cies among their rows or columns? The coeflicients in Corollary [8 have unique rep-
resentations as linear combinations of class sums X(S) where S C D(2,3), namely

€3 = Z(H % g%)
er = -2 1) + 22 )
er=35(f)

eO:—z().

What is the general formula?

Finally, there is a further generalization of Conjecture[2] whose form is not known.
Decades before Sinkhorn’s paper, the iterative scaling process was introduced by
Kruithof [T4] in the context of predicting telephone traffic. In this application,
rather than scaling to obtain row and column sums of 1, each row and column has
a potentially different target sum. Sinkhorn [20] showed that the limit exists. We
call this limit the Kruithof limit.

Example 34. Kruithof [I4, Appendix 3d] considered the matrix

2000 1030 650 320
A 1080 1110 555 255
720 580 500 200
350 280 210 160

with target row sums V = [6000 4000 2500 1000]T and target column sums
W = [6225 4000 2340 935]. Let x be the top left entry of the Kruithof limit.
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Numerically, x ~ 3246.38700234. A Grobner basis computation gives an equation
62111704856428663853080151850146058066845925929973036122>°
— 19112886752403576426089852572644418633265493550814466882199954™°
— 980316295756763597938629190043558577216660563425441394040234375 - 10"z
+ 60077293526471262201893650291744622440239260152893558984375 - 107° = 0
satisfied by z. In particular, z has degree 20.

The previous example suggests that the degrees of entries of Kruithof limits are
the same as those of Sinkhorn limits of the same size.

Conjecture 35. Let m > 1 and n > 1. Let A be a positive m X n matriz, let
V' be a positive m x 1 matriz, and let W be a positive 1 X n matriz such that the
sum of the entries of V equals the sum of the entries of W. The top left entry x
of the Kruithof limit of A with target row sums V and target column sums W is
algebraic over the field generated by the entries of A, V, and W, with degree at

+n—2
most (mmfl )
Since the Kruithof limit specializes to the Sinkhorn limit when V' = [1 1 .- 1] i
and W = [% R %L we suspect that the entries in the determinant for-

mulas in Conjecture [27] generalize in some way to involve entries of V and W, and
this should give a generalization of Conjecture 2] to Kruithof limits.

Moreover, the surprising property we mentioned in Section [3] regarding the co-
efficients cg(n,n) for square matrices satisfying

S estnmalS = (z - (D

SCD(n,n)

seems to generalize to Kruithof limits. For example, the top left entry x of the
Kruithof limit of a general positive 2 x 3 matrix A with target row sums V =

[rl TQ]T and target column sums W = [cl ca T1+re—cy— cz] satisfies fa3 +
fox? + fiz + fo = 0, where

(02 (2
fs= M({} {2) {3})

f2 = (CQ -7 — ’I“Q)M(H }g%) - (Cl + CQ)M(H }g{) + (TQ - Cl)M(%gi gj)
=il raM () +ent =M ({) +ente e = ()

fo= —rlchO .
The coefficients of the monomials M (S) in the coefficients fj satisfy
2® + ((ca — 1 —12) — (€1 + ¢2) + (r2 — 1)) 2?
+ (er(ry +r2) +er(ry — c2) + ci(er + e — r2))x — ricf
=(z—1)(z—c)
Additional Grobner basis computations suggest the following.

Conjecture 36. With the notation of C’onjecture write V = [7"1 o e rm]T
and W = [cl cg - cn} where 1y + 1o+ -+ 1y =c1 +c2+ - +cp. If the
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general equation satisfied by the top left entry x of the Kruithof limit of A with
target row sums V and target column sums W is

S es(V,W) M) =0,
SCD(m,n)

where the equation is scaled so that cp(y n)(V; W) =1, then

m+n—3 m+n—3
Z Cs(V, W)ajlsl = (a;‘ — Tl)( n—1 ) (1‘ — Cl)( m—1 )
SCD(m,n)
In particular, this sum is independent of ro, ..., 7 and co,...,Cp.
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